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ABSTRACT
Knowledge o f optical properties and morphological characteristics o f aggregated 
aerosols is important for pollution control, material synthesis through the aerosol route, 
oxidation o f particulate matters, as well as understanding the mechanism o f particulate 
formation and growth. However, the limitations o f current light scattering theories as 
well as the lack o f robust data inversion schemes render the complete characterization 
of the agglomerated structures difficult and time consuming.
The objective o f present work is to develop robust experimental and theoretical 
methods to characterize the aggregated aerosols from in-situ classical light scattering 
(CLS) as well as dynamic light scattering (DLS) measurements.
In the context o f classical light scattering, the following have been 
accomplished: (a) The theoretical formulation o f light scattering for agglomerates 
consisting o f Rayleigh particles developed by Lou and Charalampopoulos (LC) was 
evaluated through the use o f reciprocity theorem and by comparison with the exact 
solution such as T-matrix method for aggregates; (b) A new robust criterion for 
determining the suitable number o f orientations for calculating the averages o f 
scattering properties has been introduced; (c) Based on the framework o f  LC, a data 
inversion scheme has been developed to infer the optical properties and the 
morphological parameters o f combustion generated chain-like aggregates from classical 
light scattering measurements; (d) This methodology has been extended to incorporate 
the effect o f polydispersity o f the aggregates in the data inversion; and (e) Experimental 
investigations in iron pentacarbonyl seeded CO diffusion flames have been performed
vii
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and good agreements with ex situ TEM analysis have been achieved using the data 
inversion scheme.
In the context o f dynamic light scattering, polarized and depolarized dynamic 
light scattering measurements have been conducted and the behavior o f the 
experimental results has been analyzed. Moreover, the morphological parameters of 
chain-like agglomerates have been obtained from the measured diffusion coefficients of 
the agglomerates. It was demonstrated that the effects o f  the Gaussian term in the 
analysis o f the measured correlation function may not be neglected.
viii
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CHAPTER 1. INTRODUCTION
Practical hydrocarbon-fueled flames usually emit soot particulates amongst 
other pollutants. Knowledge of the optical properties, size, and morphology o f soot 
aggregates is o f critical importance in pollution control, analysis o f radiative heat 
transfer, as well as understanding the mechanism of soot formation, growth, and 
oxidation in combustion flames. On the other hand, production o f carbon black and 
ceramics aerosols with specific size and shape as well as fine particle control in the 
electronics industry requires reliable methods for determining the physical properties o f 
the particulates.
The characteristics o f  aggregates consisting o f spherical primary particles can be 
described by their morphology, size, number density, and optical property. For flame­
generated agglomerates, three types o f morphology are usually found, namely, straight 
chain, randomly branched chain, and cluster (Charalampopoulos, 1992). The size o f an 
agglomerate is determined by the diameter o f the primary particles dp and the number o f 
primary particles Np. The number density o f agglomerates is defined as the number o f 
agglomerates within a unit volume. The optical property o f the agglomerates that we are 
interested is the refractive index of the primary particles. The refractive index is usually 
a complex number which can be expressed as m = n + ik, where the real part n is the 
ratio of light propagation speed in the material and in vacuum, and the imaginary part k  
is a measure o f energy absorbed by the material when it is illuminated by 
electromagnetic waves.
The techniques used to determine the optical properties, size, and morphology o f 
particles can be divided into two categories: ex situ and in situ (Charalampopoulos,
l
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1992). In the ex situ techniques, the particles are usually extracted from the flame by 
sampling probes or water-cooled plates. Then the optical properties such as the complex 
refractive index of the particles may be measured by using reflectometry or ellipsometry 
(Felske et al., 1984; Stagg and Charalampopoulos, 1993). Also, the sizes and 
morphology of aggregates can be obtained through the observations o f extracted 
samples by employing electron microscopy (Samson et al., 1987; Megaridis and 
Dobbins, 1990). However, there are two major disadvantages in ex situ techniques. One 
o f them is that the flame may be disturbed due to the existence o f sampling probes, and 
therefore the nature o f the aggregate may be affected by sampling process. Another 
problem is that the measurements are not performed under reaction conditions while the 
material properties such as the refractive index may be dependent on flame temperature 
(Howarth et al., 1966; Charalampopoulos et al., 1989). Therefore the information 
determined by ex situ technique are not sufficient to completely characterize the 
agglomerated structures.
In situ techniques have the advantages over ex situ methods because they are 
non-intrusive, and more importantly, they possess the potential to carry out real time 
monitoring of particle size and morphology under reactive conditions. In situ 
characterization o f agglomerated particles can be carried out by two types o f 
measurements: classical light scattering (CLS), in which the averaged intensity o f the 
scattered light is measured, and dynamic light scattering (DLS), in which the temporal 
fluctuation of the scattered light is measured.
In situ determination o f the features o f particles from classical light scattering 
(CLS), which entails time averaged intensity measurements as function o f the angle
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and/or polarization state requires: (a) accurate formulation of scattering and absorption 
o f electromagnetic waves from particles, and (b) robust algorithms o f  inversion o f the 
light scattering measurements in order to infer fundamental properties and 
morphological parameters.
For a single spherical particle, the exact solution of scattering problem known as 
Mie theory (Mie, 1908) has been used. Mie theory can be approximated by simple 
expressions if  the size o f particle is much smaller than the wavelength o f the incident 
light (Reyleigh limit). Mie theory and Reyleigh approximation have been used 
extensively to characterizing soot particulate generated in combustion flames (Erickson 
et al., 1964; Kunugi and Jinno, 1966; Dalzell et al., 1970; D’Alessio et al., 1975, 1977; 
Santoro et al., 1983). In this approach, soot aggregates are assumed to be spherical. The 
inversion o f data, usually for the average size or size distribution o f spherical particles, 
is carried out by matching the theoretical calculations and the experimental 
measurements o f the intensity of scattering light at different angles and/or polarization 
states. Nevertheless, due to the oscillating nature of the Mie solution and the 
polydispersity o f particles, multiple value solutions may arise (Ulanowski et al., 1998). 
As a result, the properties such as the size and the refractive index o f particles can not 
be determined at the same time by such method. Therefore either the size o f  particles or 
the refractive index has to be given in order to deduce the other.
However, it is well known that aerosols such as soot particles will aggregate and 
form agglomerates o f  variable structures. Several agglomerate shapes are possible such 
as linear chain, compact cluster, and fractal-like randomly branched chain 
(Charalampopoulos, 1992). It has been found that soot aggregates usually exhibited
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neither simple Rayleigh nor Mie scattering behavior (Erickson et al., 1964; Dalzell et 
al., 1970). The first model dealing with light scattering from irregular-shaped particles 
was attributed to the works o f  Reyleigh, Debye, and Gans and was completed in the 
early years o f 1900s (Kerker, 1969; van de Hulst, 1981; Bohren and Huffrnan, 1983). 
This model is commonly referred to as the Rayleigh-Debye-Gans (RDG) 
approximation. In RDG approximation, the irregular-shaped scatterer is subdivided into 
discrete volume elements. Each element is treated as Rayleigh scatterer. The effects o f 
multiple scattering between neighboring elements and self-interaction within each 
element are neglected. So the scattering field is calculated assuming the electric field 
within each unit to be the same as the incident field. In addition, the RDG 
approximation neglects the differences between the phase shift o f  light corresponding to
any two points within the particle. These two approximations require |m —1|« 1  and
2ka\m - 1| « 1  (m is the complex refractive index o f the particle relative tc that of the 
surrounding medium, a the longest dimension through the particle, and k  wave number 
defined as 2% IX  with X being the wavelength o f incident light). As a result, the RDG 
approximation is only valid for scatterers with small relative refractive index and size 
(Kerker, 1969; van de Hulst, 1981; Bohren and Huffrnan, 1983). In recent years, the 
RDG approximation has been developed into the so called Rayleigh-Debye-Gans 
approximation for fractal aggregates (RDG-FA) in which the aggregates are treated as 
collections o f mass fractal objects (Jullien and Botet, 1987; Martin and Hurd, 1987; 
Dobbins, and Megaridis, 1991). Several investigators used the RDG-FA to interpret 
light scattering measurements in premixed and diffusion flames (Sorensen et al., 1991; 
Puri et al., 1993; Koylti and Faeth, 1994). It has been shown that, once given particle
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refractive index, this approach could yield aggregate parameters such as particle volume 
fraction, fractal dimension, primary particle diameter, particle number density, and 
aggregate size distribution (Koylii, 1996). A detailed review o f the RDG-FA was
presented recently (Faeth and Koylu, 1995). However, the criteria |m - 1 | «  1 and 
2ka\m - 1|« 1  required by the RDG approximation are not satisfied for the soot
agglomerates due to the relatively large values o f the refractive index and the sizes of 
agglomerates (for instance, m = 1.60 + /0.60 and ka = 1.2 in a propane flame were 
reported by Dalzell et al. (1970)). In addition, recent computational studies indicate that 
there are significant effects of multiple scattering within the particles for typical 
aggregates generated in combustion flames (Berry and Percival, 1986; Nelson, 1989; 
Chen et al., 1990). On the other hand, the use o f RDG-FA to interpret light scattering 
measurements relies on the exact values o f the relative refractive index o f particles. 
Unfortunately, there are still uncertainties within the current data o f the refractive index 
for soot aggregates, especially as pertains to overfire regions o f laboratory type and 
practical flames (Charalampopoulos and Chang, 1988; Vaglieco, 1990; Chang and 
Charalampopoulos, 1991). Such uncertainties may become more significant when 
effects o f microstructures, chemical composition and temperature are to be taken into 
consideration (Munoz and Charalampopoulos, 1998).
Several other scattering models for agglomerates have been developed in which 
the effects o f  multiple scattering as well as self-interaction within primary particles are 
considered. These models have been used to infer soot aggregates structure properties 
from scattering measurements. One o f the earliest models is known as the discrete 
dipole approximation (DDA) or coupled dipole method (CDM), which was first
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introduced by Purcell and Pennypacker in 1973 (Purcell and Pennypacker, 1973). Since 
then several improvements have been made. A detailed review was presented recently 
by Draine and Flatau (1994). In DDA, an agglomerate consisting o f  Np primary 
particles is modeled by an array o f Np polarizable dipoles. Given the location o f  dipoles 
from the morphology o f the agglomerate, their interaction with the incident 
electromagnetic field as well as with electromagnetic fields scattered by the neighboring 
dipoles can be formulated. This yields a set o f coupled linear equations which can be 
solved to determine the electrical field at each dipole as well as the scattering, 
absorption, and extinction efficiencies. Vaglieco et al. (1994) employed DDA to 
determine the size and morphology of soot particles produced in a Diesel engine. In 
their study, the morphology o f the agglomerates is assumed to be random clusters and 
three kinds of agglomerates were generated consisting of 16, 32, and 64 primary 
particles respectively. The sizes and the number o f primary particles are determined by 
matching the measured results o f spectral scattering coefficient at 90° and the calculated 
results of three kinds o f agglomerates. In the calculation o f scattering coefficient, the 
refractive index for glassy-carbon was used. It is found that the inferred values o f the 
effective diameters are much smaller than those determined from the intrusive probe 
experiments.
A model for calculation o f light scattering from assemblies o f Np spherical 
particles was developed originally by Jones (1979a, 1979b). In this approach, the 
primary soot particles are assumed to be in the Rayleigh limit and therefore the electric 
field within each primary particle is considered to be uniform. Saxon’s integral equation 
(Saxon, 1974) was reduced to a set of 3NP x 3NP linear equations. The internal field of
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each primary particle is determined by solving the linear equations. The scattering, 
absorption, extinction efficiencies and other scattering quantities such as dissymmetry 
ratios, depolarization ratios, and scattering extinction ratios are then calculated. In 
recent years, Jones’ method received considerable attentions. Several investigators used 
Jones’ solutions to deduce one or several o f the parameters o f agglomerates generated 
in flames (Chang and Charalampopoulos, 1991; Charalampopoulos and Chang, 1991; 
Kumar and Tien, 1989). However, the accuracy o f Jones’ solutions has been criticized 
especially for the agglomerates with the morphology o f  compact clusters. Jones’ 
formulations have been corrected for the appropriate representation o f  the complex 
refractive index o f the particles (Kumar and Tien, 1989) as well as for the extinction 
efficiency factors (Ku, 1991). Comparisons (Ku and Shim, 1992) o f Jones’ solutions 
with the solutions o f Purcell and Pennypacker (Purcell and Pennypacker, 1973) and 
Iskander, Chen, and Penner (Iskander et al., 1989) have also been carried out, and 
demonstrated that Jones’ solution is the least accurate.
More recently, Lou and Charalampopoulos (1994) derived the governing 
equation o f the internal electric fields o f an assembly o f  spherical particles in the most 
general way. The derivations originated from the integral form o f the Maxwell 
electromagnetic waves equations developed by Saxon (1974). In their derivations, the 
only assumption used was that the sizes o f primary particles are within Rayleigh limit 
so that the electric field within each primary particle is considered to be uniform. The 
derived governing equation is invariant to coordinate transformation. In addition, the 
energy conservation law, which requires the summation o f  scattering and absorption 
efficiency equal to the extinction efficiency, is satisfied automatically. When
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appropriate approximations are introduced, the governing equation can be reduced to 
the internal field equations of Purcell and Pennypacker (1973), Iskander, Chen, and 
Penner (1989), and Goedecke and O’Brien (1988). Subsequently, the exact expressions 
o f partial derivatives o f scattering quantities with respect to refractive index and size 
parameter were derived (Lou and Charalampopoulos, 1995). A simple data inversion 
scheme for the refractive index was also introduced. This provides a robust theoretical 
framework for obtaining all morphological parameters and optical properties for an 
aggregated aerosol cloud from the light scattering measurements along with analytical 
evaluation of the uncertainties o f data inversion.
The above three models, DDA, Jones formulation, and Lou and 
Charalampopoulos formulation are valid for agglomerates consisting of primary 
particles with the sizes within Rayleigh limit because o f the assumption of uniform 
electric field within each particle. An analytical model for calculating light scattering 
quantities from agglomerates consisting o f  primary particles with arbitrary sizes, which 
is called T-matrix method for aggregates, was developed recently by Mackowski (1991, 
1994), and Mackowski and Mishchenko (1996). Original T-matrix method, sometimes 
also called Extended Boundary Condition Method (EBCM), was developed by 
Waterman, who applied it to perfectly conducting scatterers firstly and then developed 
this concept for dielectric scatterers (Waterman, 1965, 1971). T-matrix method was 
later extended by Barbar and Yeh (Barbar and Yeh 1975). A great improvement has 
been made by Mishchenko in the numerical instability and orientation average o f light 
scattering characteristics for non-spherical particles (Mishchenko, 1991). The basic idea 
in T-matrix method is to express the incident and scattered fields as superposition of
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vector spherical functions of different orders. Owing to the linearity of Maxwell’s 
equations and boundary conditions, the scattered field coefficients are connected with 
the incident field coefficients by a transition matrix (or T matrix). The elements o f the T 
matrix are independent of the incident and scattered fields but depend only on the 
morphology, size parameter, and refractive index o f the scattering particles as well as its 
orientation with respect to the coordinate system. In T-matrix method for ensembles o f 
spherical particles, the scattered electric field from the entire cluster is taken to be the 
superposition o f scattered fields from each o f the spheres in the cluster. On the other 
hand, the incident electric field for each sphere is the superposition of the external 
incident field and the radiation scattered from all the other spheres in the cluster 
(multiple scattering). As a result o f  using the addition theorem, a cluster T matrix will 
connect the scattered field coefficients with the incident field coefficients for each 
sphere. The cross sections of the agglomerate are then obtained from the expansion 
coefficients. Generally speaking, T-matrix method for aggregates possesses higher 
accuracy than the methods based on the integral formulation o f Maxwell’s equations 
such as DDA, and Lou and Charalampopoulos formulation. It may be demonstrated by 
the fact that T-matrix solution for a single sphere will be reduced to Mie solution 
(Barber and Hill, 1990) while DDA and Lou and Charalampopoulos solution for one 
particle gives Rayleigh solution (Lou and Charalampopoulos, 1994). However, there is 
no report using T-matrix method for agglomerates to infer optical or morphological 
properties for agglomerates generated in flames. This may be due to the complexity of 
the formulations in T-matrix method and the difficulties of using T-matrix method for 
inverse problems.
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In dynamic light scattering (DLS) methods, the measured fluctuations o f the 
scattered light are processed as an intensity correlation function. The particles’ 
Brownian diffusion coefficients can be obtained from the analysis of decay 
characteristics o f the intensity correlation function. Information about the particles’ size 
parameters are subsequently inferred from the diffusion coefficient data. As a major 
advantage over CLS, DLS is independent o f  the refractive index o f particles that may 
not precisely known in most situations. The major disadvantage o f DLS is that the 
interpretation o f the results relies not only on the electromagnetic theory needed to 
describe the light scattering process, but also on theoretical or empirical information 
about the dynamics o f  particles in the solvent gas. Under many circumstances, 
especially at non-continuum flow region for non-spherical particles, the dynamic 
descriptions o f particles are not well established.
The use o f  dynamic light scattering in the study o f  aerosols was first 
investigated by Hins and Reist (1972). This work was followed by Penner et al. (1976a, 
1976b), who extended the theory to account for the effects o f non-uniform illumination 
o f  moving flows and proceeded to perform the first polarized DLS experiments on 
flame systems. Additional use of DLS to measure soot particle size in flames were later 
performed by King et al. (1983), Flower (1983), Taylor et al. (1985), 
Charalampopoulos (1987), Charalampopoulos and Chang (1988), Ueyama et al. (1993), 
Cai and Sorensen (1994), and Lamprecht et al. (1999). With the exception of Cai and 
Sorensen (1994), all these investigators assumed that the measured particles were 
spherical. Considering the scattering particles as fractal aggregates, Cai and Sorenson
(1994) experimentally determined how the diffusion coefficient o f  a fractal aggregate
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depends on its morphological properties by comparing the polarized DLS results with 
the aggregate parameters inferred from CLS measurements. Alternatively, Xie et al.
(1995) utilized polarized DLS with ex situ sampling and TEM analysis to determine the 
average length o f chainlike aggregates.
Recently, an experimental system for the study of the morphological and 
dynamic properties of flame-generated agglomerates by use o f  both polarized and 
depolarized dynamic light scattering was developed in this laboratory (Waguespack and 
Charalampopoulos, 1998). The system consists o f  a flame reactor for generating 
chainlike agglomerates o f Fe2 C>3 in an Fe(CO) 5  seeded CO/O2 diffusion flame and a 
light scattering spectrometer for performing polarized and depolarized DLS 
measurements. The depolarized DLS correlation functions as well as polarized 
correlation functions were obtained by using a cross-correlation detection system. This 
system possesses the potential to infer the morphological parameters o f chain-like 
aggregates without reliance upon ex situ TEM results. However, further analysis of 
polarized and depolarized correlation functions was prevented because o f  the presence 
o f negative second order cumulants that have no physical meaning (Waguespack, 
1997).
The objective o f the present work is to develop robust methods to characterize 
the aggregated aerosols generated in flames from in situ light scattering measurements. 
The present work consists o f  two parts, (a) characterization o f  aggregated particles 
using classical light scattering, and (b) characterization of aggregated particles using 
dynamic light scattering.
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The part o f classical light scattering is included in Chapters 2 to 7. As a review, 
the direct formulations o f light scattering from single and multiple spherical particles 
are summarized in Chapter 2.
Considering the fact that violation of the reciprocity theorem had been 
encountered in a lot of investigations and the existence of conceptual mistakes for 
calculation o f  orientation averages o f  light scattering quantities, Chapter 3 establishes a 
criterion that can be used for the reliable calculation o f  the averages o f the scattering 
quantities.
Due to the fact that Lou and Charalampopoulos (LC) solution is based on the 
assumption o f uniform electrical field within each spherical particle which requires the 
sizes of primary particles should be much small compared with the incident wavelength. 
In Chapter 4, LC solution is compared with the exact solution of T-matrix method to 
determine the range of validity.
In Chapter 5, a data inversion scheme is developed to infer the optical properties 
and all the morphological parameters of combustion generated aggregates from static 
light scattering measurements. The parameters which are able to be inferred include the 
complex refractive index of agglomerates m = n + ik, the primary particle diameter dp, 
the number o f primary particles per agglomerate Np, the number density of 
agglomerates nA, and the volume fraction of agglomerates f v. The analytical evaluations 
of data inversion uncertainties are also presented.
In Chapter 6, the effect o f  polydispersity o f  chain-like aggregates on light 
scattering quantities is investigated and the data inversion scheme which included the 
effect o f polydispersity o f chain-like aggregates was developed.
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Chapter 7 presents the experimental results and discussions.
As for dynamic light scattering method, the work is presented in Chapter 8, 
which includes, (a) conducting the polarized and depolarized light scattering 
measurements, (b) discussing the reasons why the second order cumulant becomes 
negative and the way to make the correction, (c) analyzing the morphological 
parameters o f chain-like agglomerates.
The main body o f this dissertation is then concluded in Chapter 9 with a 
summary o f the theoretical and experimental results, followed by recommendations for 
future work.
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CHAPTER 2. FORMULATION OF LIGHT SCATTERING BY 
AGGLOMERATED PARTICLES
2.1 Physical Basis and Concepts of the Scattering Problem
When an obstacle, which can be a single particle or an agglomerate consisting of 
primary particles, is illuminated by a beam of light (electromagnetic wave) with 
intensity of Iinc, electric charges within the obstacle are set into oscillatory motion by the 
electric field of the incident electromagnetic wave. The oscillating charges reradiate 
electromagnetic energy in all directions at the same frequency as that of the incident 
beam (Figure 2.1.1). It is this secondary radiation that is called scattering by the 
obstacle. In addition to reradiating electromagnetic energy, the excited elementary 
charges may transform part of the incident electromagnetic energy into other forms 
(thermal energy, for example), a process called absorption. Due to the existence of 
scattering and absorption, the incident beam is attenuated. This attenuation is called 
extinction, which can be obtained through the measurement of the difference of the 
intensity of light at forward direction with and without the obstacle. Therefore the 
energy extinction rate, W.„, is related to the energy scattering rate Wsca and energy
absorption rate by
=VY5,<i+ W u/JV. (2.1.1)
The ratio of Wext to the intensity of incident light Iinc is a quantity with 
dimensions of area:








Figure 2.1.1. Scattering and absorption by an obstacle.
Cexi is called the extinction cross section. In the same fashion, we can define the 
scattering cross section Csca and the absorption cross section Cabs and equation (2.1.1) 
can be rewritten as
(2.1.3)
It is noted that equation (2.1.3) is required by the law of conservation of energy 
and therefore should be satisfied throughout the formulation of light scattering.







Figure 2.1.2. Scattering plane, scattering angle, and polarization states of 
incident light and scattered light.
As shown in figure 2.1.2, the direction of propagation of the incident light e. 
and the direction of the scattered light eR define a plane called scattering plane. It is 
within the scattering plane that the intensity of the scattered light Is is measured. The 
angle between e. and eR is called scattering angle. The differential scattering cross 
section is defined as the energy scattered per unit time into a unit solid angle about a 
direction of 0 for unit incident intensity. With different combinations of the polarization 
state (v stands for vertical and h for horizontal) of the incident light and the scattered
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light, the differential scattering cross section can be classified as C,v, C/,/„ C/IV, and Cv/„ 
where the first subscript indicates the polarization state of the scattered light and the 
second subscript indicates the polarization state of the incident light. According to the 
definition of the differential scattering cross section, the differential cross section is 
related with the intensity of the scattered light by
where Is.rn(0) is the intensity of the scattered light measured by a detector located at 
distance R from the obstacle and the subscript pp  represents either vertical or horizontal 
state of polarization.
2.2 Maxwell’s Equations
The problem of light scattering and absorption by an obstacle can be described 
by electromagnetic field theory. According to the Maxwell’s equations, the 
electromagnetic fields within and outside the obstacle may be expressed as (Jackson,
where E is the electric field, B the magnetic induction, p r the free charge density, and 
J t free current density. In equation (2.2.3), the minus sign is specified by Lenz’s law,
(2.1.4)
1975)
(2 .2 . 1)
V .f l  = 0 (2 .2 .2 )
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which states that the induced electric field E  is in such a direction as to oppose the 
change of magnetic induction B . The free charge density and free current density are 
zero for uncharged scatterer. For linear, homogeneous, and isotropic substance, the 
electric displacement D and magnetic field H  are related with E  and B by so called 
constitutive relations
D = £e E , (2.2.5)
B = H „ H , (2.2.6)
where e E is the permittivity and fj„ the permeability of the scatterer
Substituting equation (2.2.5) and (2.2.6) into equation (2.2.1) ~ (2.2.4) and 
rewriting the Maxwell’s equations as
V « ( f ££ ) = 0  (2.2.7)
V .  ( / /„ /? )  = 0  (2.2.8)
_ _  t)H




V x H = £ e —  . (2.2.10)
It is customary to assume that the electromagnetic fields posses time harmonic 
dependence e ' 1<uc where co is the angular frequency. In other words, the fields E and 
H  can be expressed as
E(r, t)  = E(r)e -,aM, (2.2.11)
H(r , t )  = H(r )e ~,at, (2.2.12)
where the position vector r  defines any point in the space.
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Taking the curl of equation (2.2.9) and (2.2.10) respectively and using equation 
(2.2.9) -(2 .2 .10) yield
V x V x £ ( r )  =  / / „ f £fi)2E(r) ,  (2.2.13)
and
V x V x H(r)  = fd H£E0)1 H  ( r ) . (2.2.14)
Furthermore, making use of the identity
MhSeO)1 =6r(V//0£0)' \Eu£jl
V
'  I ^ E r 0)'l c J
1 n n r  = k ’£
where c — * is the speed of liaht in the vacuum, k = — the wave number of the
~ c
incident and scattered light, m = the refractive index o f the scatterer which is
V Vo£o
usually a complex number and expressed as m = n + ik, and £ = m 1, the square of the 
refractive index of the scatterer. Then equation (2.2.13) and (2.2.14) can be rewritten as 
V x V x £ ( r )  — k 2£(r)E(r)  = 0  (2.2.15)
V x V x  H (r) — k 2£(r)H (r) = 0 (2.2.16)
and the boundary conditions are
/ix  ( £ , - £ , ) =  0 (2.2.17)
n x (//, — / / , )  = 0 (2.2.18)
where n  is a unit vector normal to the surface and £ , ,  £ 2. / / , ,  H z are the fields on 
either surface of the boundary. Equation (2.2.7) -  (2.2.8) and equation (2.2.15) -
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(2.2.18) are the general equations describing the problem of light scattering and 
absorption by an obstacle.
2.3 Saxon’s Integral Formulation of the Scattering Problem
In this section we shall derive an integral solution of the scattering problem by 
following the method of Saxon (Saxon, 1955).
First of all, let us introduce a special function, G0( r , r ’) , called tensor Green’s 
function that satisfies the following equation
For any vector A  and operator V , identity tensor I has the following properties
V x V x G 0( r . r ’) - f :C0( r , r ’) = IS(\r - r \ ) . (2.3.1)
where r is the field point, r ' the source point, <J(|r —r |)  three dimensions Dirac delta
function, and /  is a identity tensor which may be expressed as
I = i i + j j  + kk . (2.3.2)
A « / = I • A ~ A . (2.3.3)
I «V = V . (2.3.4)
Upon taking the divergence of equation (2.3.1), it follows that
(2.3.5)
where V' denotes the operator V acting on r ’. Using the vector identity
V x V x A  = V(V» A ) -V : A, (2.3.6)
Equation (2.3.1) becomes
(V2 + k 2)G0(r,r' )  = - ( / - - ^ - W ’)£(|r -  r | ) . (2.3.7)
If the scalar Green’s function
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ik  | f - r j
G (r , r ’) =  - ,  (2.3.8)
4;r|r - r j
is introduced which satisfies the scalar equation
(V2 + k z)G(r, 7') = -S(\r -  r  | ) , (2.3.9)
a solution for G0( r , r ’) is obtained of the form
G0( r , r ’) = ( /  — ^ W ’)G (r ,r ’) = ( / + - i .W ) G ( r , r ’) . (2.3.10)
k~ k ~
The physical significance of tensor Green’s function G0( r , r ”) can be seen as
follows: Take the scalar product of equation (2.28) with an arbitrary vector J ( r ' ) . Then
G0( r , r ’) • 7 ( r ’) is the vector field at position r generated by a vector point source of
strength J located at the position r ‘.
Now making use o f vector Green’s theorem
J < /v { p » V x V x e - e * V x V x  P}= j d S  •  {e x V x P -  7  x V x  q}. (2.3.11)
performing the volume integral over all space of r and by inserting 
P  = £ ( r ’),
and
Q = G0{ r , r ' ) » a , 
with a  an arbitrary constant vector, we obtain
J dV'{E{?') •  VkV*(G0( f , f ’) •  a ) -  (go (r, r ’) • d)« V * V k £ (f ’)}
= • f c 0( r ,D  • a)xV )<£(r’) -  £ ( r ’)x  V y(co( r , f ’) •  a)}. (2.3.12)
At infinity, the surface integral of right hand side becomes equal to Eini (r) •  a .
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By inserting equation (2.3.1) and (2.2.15). the volume integral of the left hand
side may be expressed as
jdV'^Eir ')  •  (kzG0(r ,r ' )  + / <J(|r — r |) )« a  — (G0( r , r ’) •  a )» £(r ' )k2E(r')}
=  | dV'{S(\r -  r j )£ (r ’) •  a } -  k z\dV '§£ (r ' )  -  1 ]£ (r ’) •  C0(r , r ’) •  a
= £ ( r )  •  d - k za • \d V '§ £ {r ' )  -  l]£ (r’) •  G0( r , r ’)}• (2.3.13)
Hence we have
d  •  £ ( r ) = a • £ m[. (r) + * 2a • J</V’{fcr(r’) -  1 £ 0(r, r ’) •  £ ( r ’)}- (2.3.14)
Since a  is an arbitrary constant vector, this equation is equivalent to
E(r)  = £,„,. (r)  + * 2 J</V’{l£(r’) -  l]G0 (r, r ’) •  £ ( r ’)}- (2.3.15)
This is the Saxon’s integral formulation of the scattering problem expressed by tensor 
Green’s function. Using equation (2.3.10), we can derive the Saxon's integral 
formulation of the scattering problem expressed by scalar Green’s function. Inserting 
equation (2.3.10) into equation (2.3.15), we have
E{r) = Emi.(r) + k zjd V t £ ( r ' ) - l ] E ( r ' ) G ( r , r ' ) }
+ j d V ' f e ( r ’) -  l]?’V’G (r, r ’) •  £ ( r ’)}
= Emi (r) + * 2 j d V ' f e ( r ' )  ~ l]£ ( r ’)G (r ,r ’)}
-  V Jd V 'fe ir ' )  -  l]7’G (r, r ’) •  £ ( r ’)}. (2.3.16)
Using
V’«{G(r, r ’)[£ (r’)(£(r’) -1)] } = V ’G (r, r ’) • [E{?')(£( r ’) -  1)]
+ G ( r , r ’)V’.[£ (F ’) ( f ( r ’) -1 )], (2.3.17)
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equation (2.3.16) becomes
E(r) = Einc(r) + k 2 j d V t e ( r ' ) - l ] E ( r ' ) G ( r , r ' ) }
+ Vjc/V’{ G (f ,F )V ’.[£ (F )(£ (r’)-l)]}
= £,nt(r) + A:2J j K ’{[f(r’) - l ] £ ( r ’)G (r ,r ’)}
-J^U*{V’G ( r ,n V ’« [£ (n (£ ( r ’)-l)]} . (2.3.18)
Using the identity
V’{G (r.r,)V,« [£ (r’) (f (r ’) - ! ) ] } =  V’G ( r . r ’)V’.[£ (r ') (£ (r’) -  1)]
+ G (r, r ’) W ’«[£(r’)(f (£ ) -  1)],
equation (2.3.18) becomes
E(r)  = Emc(r) + k 2 j d V ' f e ( r ’) -  l]£ (r’)G (r,r')}
+ \dV'{  G ( r . r ,)V’V’*[£(r,)(£(r,)-l)]} . (2.3.19)
The volume integral of V’{ G(r,r')V'»E(r')(£(r')— 1) } vanishing because
Jc/VV’{ G ( r ,r ,)V * £ (r’)(£(r’) - l )  }= fdsG{r.r ')V*E(r ')(£(r ')  -  1).
and the surface integral of the left hand side vanishes at infinity.
Equation (2.3.19) is the Saxon’s integral formulation of the scattering problem. 
Saxon’s integral formulation is the exact solution because it is derived directly from the 
Maxwell’s equations and no approximation has been made during the derivation.
2.4 Formulation of Light Scattering by a Spherical Particle
2.4.1 Mie Theory
For an isotropic, homogeneous spherical particle, the exact solution of the 
scattering problem was derived by Mie in 1900s (Mie, 1908).
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
Suppose that an electromagnetic field ( Emc,H mc) is incident on a homogeneous, 
isotropic sphere of radius a. The electromagnetic field within the sphere is designated 
by ( Em ,H int) and the scattered field outside the sphere is designated by ( ESCU, H sca )■ As 
shown in section 2.2, for a linear, isotropic, homogeneous medium, the incident 
electromagnetic field ( Emc, H mc ), scattered field ( E HM, H 5ia ), and the internal field
within the sphere ( £ int, H xm ) must be divergence-free
V  •  E = 0 (2.4.1)
V •  R = 0 (2.4.2) 
Using the vector identity to equations (2.2.13) -  (2.2.14)
V x  V x A = V(V •  A) — V • (VA) (2.4.3)
we obtain
V 2E + k 1eE = 0 (2.4.4)
V 2H + k 2£H=  0 (2.4.5)
For a spherical particle, the boundary conditions become (Bohren and Huffman,
1983)
" x [f,.. (a) + (a) -  (a)]= 0 (2.4.6)
" x [W„ (a) + H,r, (a) -  (a)) = 0 (2.4.7)
According to equation (2.2.9), E  and H  are not independent. They are related
by
V x £  = icofJn H  (2.4.8)
In the Mie solution, the incident, internal, and the scattered electric fields are 
firstly expanded in terms of the vector spherical harmonics based on equations (2.4.1)
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and (2.4.4). Then the coefficients of the vector spherical harmonics are determined by 
the boundary conditions.
The detailed derivations can be found in Bohren and Huffman (Bohren and 
Huffman, 1983). Only the pertinent equations are summarized as follows:
The expansions of incident, internal, and scattered electric field in vector 
spherical harmonics are given as
= e „ 5 / "  ) (2-4 -9)17? n(n + I)
4  = f o Z '"  -  u m : ) <2.4. io)n(n + 1)
- ib .N 'J :)  (2-4.11)
7? /i(/i + 1)
where E0 is the magnitude of incident field and the vector spherical harmonics may be 
written as
= V x (r  cos(m0)Pnm (cos0)zn(k-Jer)) (2.4.12)
= V x(r  sin(m(p)Pnm (cos0)zn( k ^ r ) )  (2.4.13)
V x  M
N = ---------------------- 2 =2- (2.4.14)emn » x 'k
— V x MN  = ---------------------- nmn__ (2.4.15)nmn » v 7k
where P ”'(cos 6) is the associated Legendre function of degree n and order m, and is 
the spherical Bessel function which is j n(kr), j n(ky[er). and h„'(kr) respectively for 
the superscripts (1), (2), and (3) of M  and N  in equations (2.4.9) -  (2.4.11).
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The Mie coefficients of the scattered field are
a _  m \ffn {mx)y/n (x) -  y/n {x)y/n {nix) (24  16)
m y/n (mx)4n (x) -  (x)y/'n (mx)
b Vn (m*)Vn (*) -  m y/n (x)yr. (mx) (24  17)
yrn(nvc)4n(x)-m4n(x)i//n(mx)
where m is the refractive index of the sphere, x is size parameter of the sphere defined
by x  = ka and \ffn (x ) , £„ (x) are the Riccati-Bessel functions which may be expressed as
y/n (x) = x/„ (x) (2.4.18)
£„(x) = xh(n"(x) (2.4.19)
where j„(x) and h ^ i x )  are the spherical Bessel and Hankel function.
Knowing the coefficients an and bn, the scattering and extinction cross section 
may be expressed as
c„„ = ^ f X ( 2 «  + l)(|a.|: +|i>.|2) (2.4.20)
* n -1
c „ , = ^ j r < 2 n + l)Re(a , + * .)  (2.4.21)
*  rt =  l
The differential scattering cross sections are given as
C" = F
c  =  —  
"  k 2
X  ~ 7 ~ T i  (cos0) + b» Tn <cos0) i (2.4.22)n(n + l)
j T ^ ^ ( t f nr n(cos0) + fcn* n(cos0)j (2.4.23)
T l  n(n + l)
Chv= C vh= 0 (2.4.24)
where the functions ;r„(cos#) and r„(cos#) are expressed in terms of the Legendre 
function as






Tn ( c o s P ln (cos0) (2.4.26)
2.4.2 Rayleigh Approximation
For particle sizes small compared to the wavelength of the incident light, an 
approximation solution to the scattering problem was developed by Rayleigh (Rayleigh. 
1871). The conditions necessary for the validity of the Rayleigh approximation are 
x  «  1 and |/yz.xf «  1 (Van de Hulst, 1957, Bohren and Huffman, 1983).
It has been shown that, when the particle is small compared to the wavelength of 
the incident light, the internal electric field is uniform and related to the incident field 
by(Kerker. 1969)
The differential scattering cross sections of Rayleigh particles are given by the 
expressions
(2.4.28)
Chh = C„. cos - 0 (2.4.29)
(2.4.30)
and the scattering cross section and absorption cross section are given by
(2.4.31)
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(2.4.32)
2.5 Formulation of Light Scattering by Agglomerated Particles
As demonstrated in Section 2.4, Mie solution is only valid for single spherical 
particle. For agglomerated particles, the formulation of light scattering becomes 
complicated due to the existence of interaction of the scattered light from different 
particles. Recently, an exact solution of light scattering by an assembly of spherical 
particles with sizes in the Rayleigh limit was derived by Lou and Charalampopoulos 
(Lou and Charalampopoulos, 1994).
Their derivations were originated from Saxon’s integral formulation. According 
to Saxon’s integral formulation o f the scattering problem (equation (2.3.19)), for an 
agglomerate illuminated by an incident light, the electric field at any point in space 
defined by vector r  is given by
Integration in equation (2.5.1) is performed over the whole volume of space. Let 
us assume all the space can be divided into two mutual disjoint regions, Vvac which is
vacuous, and V which is the space occupied by the spherical particles within the
agglomerate. For V , we have
where Np is the number of primary particles and V} is the volume ofy'th primary particle 
within the agglomerate.
Eif )  = Emc{r) + k z\ d V ^ e { r ' )  -  l ]£ (f’)C ( f .f ’)}
(2.5.1)
•V
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Due to
£ > 1 for r 'e  V„B
f  = 1 for r ’e  Vn
Equation (2.5.1) can be written as
N" r
E(r)  = £,nc(r) + A:; £ |  {e(r ') - l )E(r ')G(r,r ')dV'
/= !  l/
+ ^ | ,  G (r.r’)V’V’.[E (r’)(e(r’) - l ) k ^ T (2-5.3)
7 = 1  '
If the sizes of primary particles are in Rayleigh limit, the internal electric field of
a particle can be assumed to be constant and is represented by the value of the field at
its center. For a homogeneous, isotropic particle, the refractive index m is also a 
constant inside a particle. The product of the electric field and e (= m2) thus contains a 
discontinuity across the boundary of the particle. This discontinuity is treated by means 
of a step function, which yields the Dirac delta function when differentiated. After a 
lengthy derivation, the internal fields E in ith particle is given as (Lou and 
Charalampopoulos, 1994)
‘v'




CO = £ — 1 = (n + ik)z — 1 (2.5.5)
C0 = i [ 3 - 2 i r 2/I, ,,(.r)] (2.5.6)
C 2 = - jjr2y,(.r) (2.5.7)
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where, x = kR is the size parameter of the primary particles (R = radius of the primary
the scatterer), and y, (.r), y,(.t), and /it<n(x) are the spherical Bessel function of first 
and second kind and first kind spherical Hankel function of first order respectively.
Using the above relations for co, C0, and C?, equation (2.5.4) can be rewritten as
Equation (2.5.8) shows that the internal field of each particle is composed of the distinct 
contributions. The first term is in the same form as internal field of a single particle of 
Rayleigh size (equation (2.4.7)). Thus the first term results from the incident radiation. 
The second term on the right hand side of Equation (2.5.8) accounts for the 
contributions to the electric field by multiple scattering of the neighboring particles in 
the agglomerate. The third term represents the electric-field self-contribution effects in
the particle being considered. The matrix T  which represents the contribution to
electric-field interaction is a second order tensor given by
particles), e = m ' the dielectric constant (m = n + ik , the complex refractive index of
E,
i = l,2 , 3 (2.5.8)
a b c
f  = b a' d (2.5.9)
c d e
Its elements are defined as
a = 2/iq1 *(kD) — /iV*(kD) P1{ co sx )——cos{2\f/)P^{cosx) (2.5.10)
a'=2hg)(kD) — h\u (kD) P2(cosx)  + —cos(2^)/>22(cos/jf) (2.5.11)
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b = —h(2u(kD)P2 (cos sin(2^) (2.5.12)
c = —h2)(kD)P2 (cos ̂ jf) cos yf (2.5.13)
d = —h{2 (kD)Pi (cos x )  sin V (2.5.14)
e = 2h<0')(kD) + 2h^(kD)P1(cosz) (2.5.15)
cos^ (2.5.16)
D
tan y/ = (2.5.17)
D 1 = ( x l - x l )z + ( y ) - y l )2+ (zJ - z , ) 1 (2.5.18)
where h{0u , hV* are the first kind spherical Hcinkel functions of zero and second order. 
P i , P2 the associated Legendre functions, P2 the Legendre function, and (x„ v„ ~,) is 
the coordinate of /th particle.
It is noted that equation (2.5.4) is derived directly from Saxon's integral 
equation (Saxon, 1974). No approximation except for uniform internal field was used in 
its development. Therefore the equation is in the most general form. As shown by Lou 
and Charalampopoulos (1994), the appropriate approximation of self-contribution term 
and the multiple scattering term of equation (2.5.4) will yield the internal field 
equations of Iskander, Chen, and Penner (1989), Goedecke and O’Brien (1988), and 
Purcell and Pennypacker (1973).
Equation (2.5.4) forms a 3Npx3N p linear system and the internal field ( E x, E y,
E . ) of each particle can be solved by Gauss-Jordan elimination or conjugate gradient
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method once the incident electric field is given. The amplitude of scattering electric 
field Esca at any point ( r , 9 , <J>) in the far field region is given by
£«■« (p) = X'J\ (*)(£ - 1 ) exP(<k*I ^ e x p ( —/fcr, cos p , ){0,eg -  <P,ep) (2.5.19)
kd ;=1
where eg and e0 are the unit vector in the 9 and 0 directions respectively which
determine the orientation of the detector and d  is the distance between the agglomerate 
and the detector. With the center of the ilh particle located at ( rt , x, ■> V, )* terms 0 , ,
0 ,, and cos p. are given by
0 , = £ t (/-)cos#cos0-*-£v(r, )cos0sin0 — E .(f-)s in0
4 > ,= E M  )sin0 + £ v(r-)cos0




On the other hand, the scattering cross section CKa, the absorption cross section C 
and the extinction cross section Ceu are given by
f  -v, Xr
,=\ ,=\
(2.5.23)
Cah* =  (Jf) Im (^




where the asterisk denotes the complex conjugate. Re and Im represent the real and 
imaginary part of a complex number. It is important to note that Cea is exactly equal to
C wa + Cahs if equation (2.5.4) is used for the internal fields o f the particles. Thus the
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law of energy conservation is automatically satisfied in this model (Lou and 
Charalampopoulos, 1994).
Conventionally <f> is set equal to Jt!2 and then the differential scattering cross 
sections are given by
where the subscript pp represents either vertical or horizontal plane of polarization and 
the first p  represents the polarization state of scattering wave and the second represents 
the polarization state of incident light. For different polarization of incident light, two 
extinction cross sections, C'ru and C hext are obtained from equation (2.5.25), and four
angular differential scattering cross sections Cvv, Ci,v, Cm,. and Cw, are obtained from 
equations (2.5.26) ~ (2.5.29).
The details of the derivatives of the internal electric field and scattering 
quantities with respect to the real part of refractive index, n . the imaginary part of 
refractive index, k , and the size parameter, x . have also been presented in an earlier 
study (Lou and Charalampopoulos, 1995). Differentiating equation (2.5.4) gives the 
following equations of derivatives of internal field
Cvr,(0) = R 2x 2j l2(x)\e-l\-\V\-  




H  = y^exp(-/£r; cos /?, )(cos#Ev, — sin 0E. t ) (2.5.29)
(1 h- zwC0)——i- 
dn
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(1 +
*, ^E, ^  f  dEj _ ( ikz ,  1 SC2
0> 3x = 5  " dx x C , dx7 = 1
/ * '
+ qjCq dC-, dC0 
0 -  - 6)
C-, dx / =
/*»





f kD >, 3 N
id
&>c\ -  _
 - T i/E / ; i '= l ,2 ,  3,..JV„




Equations (2.5.30) and (2.5.31) are also 3NP x 3NP linear system, from which 9E, Idn 
and dE, /  dx can be also solved by using Gauss-Jordan elimination or conjugate 
gradient method. After solving d £ ,/3 « , dE, / dk can be obtained from equation 
(2.5.32).
The derivatives of the extinction cross section are given in terms of the 
derivative of internal field and take the form
dC. Cra +4xR2j ,(x)Im
dx dx j x (x)
coS E '
^  I / I t . /  
1=1 dx X /J
'  c \ t  ext
'N ~s ' f
= 47iR- j x (.r )
/
S  E ‘




Furthermore, the derivatives of angular differential scattering cross sections with
respect to n are given as
3 C , 1 d|co|2
dn N2 dn
Cvp+ R 2x 2j x\ x ) |co|2 Re d v
dn
(2.5.35)
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
35
where dV Idrt can be obtained from equation (2.5.28). The derivatives d V /d k  and 
dCvp/dk  can be obtained by replacing n by k. Similarly, the derivatives of Chp with
respect to n and k may be obtained by replacing Cvp by Chp and V by H  (in equation
(2.5.29)). On the other hand, the derivatives of angular differential scattering cross 
sections with respect to x  are given as
a c „ _  ' 3 t a ) 2 C „ + RI[oJ| ! (.ry,): Re - y - W
dx ,
(2.5.36)
dx (xj, f  dx
In this case, we can replace Chp for Cvp and dH Id.x for dV /dx  again to obtain
d C J d x .
The scattering quantities and their derivatives calculated by the above equations 
correspond to one specific orientation of the agglomerate being considered. In light 
scattering experiments, the measurements of scattering quantities actually reflect the 
ensemble average of the contribution from the individual randomly oriented 
agglomerates. Therefore it is necessary to calculate the average of the scattering 
quantities from all possible orientations of the agglomerate. The use of reciprocity 
theorem for the calculation of average scattering properties of agglomerated particles 
and the methodology are presented in the next chapter.
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CHAPTER 3. CALCULATION OF AVERAGE SCATTERING PROPERTIES 
OF AGGLOMERATED PARTICLES
3.1 Introduction
Consider a cloud o f randomly oriented particles illuminated by a polarized laser 
beam. Depending on different polarization states o f the incident light, the intensities of 
the depolarized scattering light satisfy a reciprocity relation that can be expressed as 
I hv (0) = I vh (9). With reference to figure 3.1.1, I  hv(0) is the intensity o f the scattered 
light measured at angle 0 in the scattering (measurement) plane (y, z). The first 
subscript (h) signifies that the polarizer in front o f the detector is set for horizontal 
polarization direction whereas the second subscript (v) signifies that the polarizer in 
front o f the laser is set for vertical polarization. Similarly, I vh (0) is measured at the 
same angle 0  with the polarization state o f the scattering light set for vertical direction 
and the polarization state of the incident light set for horizontal direction. The relation 
/ * v ( e w -  (0) is also known as the reciprocity theorem.
The reciprocity theorem was originally stated by Krishnan (1938a) and later 
developed by Saxon in a purely general way (Saxon, 1955). Krishnan verified the 
validity o f reciprocity theorem through photographic comparisons o f /*v and Ivh on 
dilute colloid solutions (Krishnan, 1938b). For soot agglomerates generated in premixed 
flames, the angular measurements o f Ihv and IVh conducted by D ’ Alessio showed that 
there is no difference between Ihv and IVh at any angle (D’ Alessio, 1981). More recently, 
the experimental results o f Ihv and Ivh conducted by Koylii and Faeth (1994) and Wu et 
al. (1997) supported the reciprocity theorem for soot agglomerates generated in buoyant 
laminar and turbulent diffusion flames.
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I v h ( 6 ) ,  Measured
Figure 3.1.1. Coordinate system illustrating the implications o f the reciprocity 
theorem.
However, Jones (1979a) found that the reciprocity theorem was not satisfied 
when he calculated the Ihv/ I vll ratio o f straight chains using his formulation of
electromagnetic wave scattering by assemblies o f particles. Bayvel and Jones (1981) 
remarked that the violation of the reciprocity theorem might be due to an undiscovered
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error or genuine. Ku and Shim (1992) checked the reciprocity theorem by using more 
accurate formulation developed by Iskandar, Chen, and Penner (1989). Results were 
presented for straight chains, two-array, and zigzag chains with size parameter 0.1, 
refractive index m = 1.7 + z'0.7, and primary particle number Np = 16. It was reported 
that for straight chains, the I  hv 11vh ratio is unity to within 4%, but for two-array and 
zigzag chains, the ratio varies from 1 at 0 = 0° and 180° to 2.5-2.9 at around 90°. Ku and 
Shim contributed the difference to the lack o f symmetry in the morphologies of two- 
array and zigzag chain (Ku and Shim, 1992). No further calculation was reported.
It is important to note that the reciprocity theorem stated above is only valid for 
a large number o f agglomerates without preferred orientations. In other words, Ihv and 
IVh for individual agglomerate at a specific orientation may not be equal to each other. 
Ihv and Ivh are equal only if  averaging is carried out over all orientations of the 
agglomerate (Kirshnan, 1938).
In situ optical diagnostics of aggregated aerosols always requires the calculation 
o f average of scattering properties because the aggregated aerosols are randomly 
oriented within the scattering volume. The reciprocity theorem is a general theorem that 
should be satisfied. The violations of the reciprocity theorem encountered in previous 
investigations (Jones, 1979a; Ku and Shim, 1992) imply that there may be problems in:
(a) formulation o f light scattering by agglomerates or (b) the way o f calculating 
orientation averages o f scattering quantities.
In this chapter, Lou and Charalampopoulos (LC) formulation is used to check 
the validity o f the reciprocity theorem. It is found that LC solution satisfies the 
reciprocity theorem provided that the appropriate numerical orientation averaging of
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scattering quantities is conducted. The results o f this study can serve as a criterion for 
determining the appropriate number o f spatial orientations used in calculating the 
average o f  scattering quantities. In this way, the ambiguity associated with the data 
inversion and interpretation o f light scattering measurements for aerosol clouds will be 
significantly reduced.
3.2 Orientation Averaging of Scattering Quantities
In order to calculate the average o f the scattering quantities, all possible 
orientations o f the agglomerate should be considered. In general, the orientation o f an 
irregular-shaped agglomerate can be determined by three orientation angles. In this 
study, the orientation of an agglomerate is determined by two polar angles ( x> V ) which 
determine the orientation of a rotation axis fixed on the agglomerate and a rotation 
angle co o f  the axis which determines the rotation status o f the agglomerate (figure 
3.2.1). An alternative way to determine the orientation is to use three Euler angles 
( a ,p ,y ) (Goldstein, 1980). These two systems are equivalent and one can be converted 
easily to the other (Varshalovich et al., 1988). If  the agglomerate is rotationally 
symmetric, the orientation of the agglomerate can be determined by two polar angles 
(X, ) o f the rotation axis o f the agglomerate and therefore the third angle to is not
necessary. Thus, for non-rotationally symmetric agglomerates, the orientation average 
of the scattering quantity C is calculated by
(3-2.1)
For any rotationally symmetric scatterer, Eq. (3.2.1) can be simplified as
(3.2.2)




Figure 3.2.1. Coordinate system for determination o f the orientation o f a scatterer.
Because the scattering quantity Cpp is a implicit function o f the orientation
angles, the integration o f Eq.(3.2.1) or Eq.(3.2.2) has to be carried out numerically. In 
this study, the classical formulae with equally spaced abscissas as well as Gaussian 
quadrature are utilized for each dimension o f the integration. For example, using 
equally-spaced abscissas, Eq.(3.2.1) may be rewritten as:
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(3.2.3)
where M z , , and M a denote the number o f orientations for angle x> V ^  ©
respectively. The total number o f  orientations is M x x M v x M a . For N-point Gaussian 
quadrature, the integral of Eq. (3.2.1) can be conducted by (Press et al., 1989)
where Xi > ¥  j and cok are abscissas, and w,, wy, and wk are the corresponding weights
3.3 Computer Generation of Agglomerates
In this study, four kinds o f morphology o f agglomerates, namely, straight chain, 
two-array chain, compact cluster, and randomly branched chain (figure 3.3.1) are 
considered. The generation o f randomly branched chain follows the method used by 
Mackowski (1995). Specifically, the fractal-like randomly branched chains are 
generated by using a sequential algorithm that mimics the relation
where dp = 2R is the primary sphere diameter, Rg is the radius o f gyration o f the 
agglomerate, D/  is the fractal dimension, and kf is a prefactor. Beginning with two 
contacting particles and specified values o f kf and £>/, a third sphere was randomly 
added to the surface of one o f the two particles so that the radius of gyration calculated 
for the three-particle agglomerate satisfies equation (3.3.1). The process was then 
repeated for the fourth, fifth, and additional particles until the number o f  primary
C PP C PP O^nV'j, ) sin Xiwiwj wk
j H N S
(3.2.4)
(=1 j= l  i = 1
of the abscissas. The total number o f orientations used in the calculation is N3.
(3.3.1)
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(a) Straight chain (b) Two array chain
(c) Randomly branched chain (d) Compact cluster
Figure 3.3.1. Morphology used in the calculation o f scattering quantities
particles equal to Np. In this study, the value of fc/was taken equal to 5.8 and D /as 1.8. 
These values are consistent with the computer simulation results of diffusion-limited 
aggregation process for the generation o f the fractal-like randomly branched chain 
(Mountain and Mulholland, 1988) and the experimental results summarized by 
Charalampopoulos (1992).
3.4. Results and Discussions
From the definition of angular differential scattering cross section, it follows that 
Ihv /  I vh is equal to Chv/ C vh. Therefore, the reciprocity theorem can be checked by
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calculating the ratio o f Ckv and Cvh. The results for agglomerates with primary particle 
size parameter 0.3, refractive index m = 1.7 + z’0.7, and primary particle number Np = 10 
are shown in figure 3.4.1-3.4.6. It is found that theCAv I Cvh ratios are unity within 0.5% 
for straight chain with number o f orientations 12x12, and for compact cluster and 
randomly branched chain with number o f orientations 12x12x12. The same results 
have been found for other agglomerates with different morphology, size parameters, 
refractive indices, and primary particle numbers as long as the appropriate number o f 
orientations is used. Therefore, it is verified that LC solution satisfies the reciprocity 
theorem.
The violation o f the reciprocity theorem identified in previous investigations 
(Jones, 1979a; Ku and Shim, 1992) could be due to the following reasons. Firstly, the 
incorrect formulation could result in violation o f the reciprocity theorem. For example, 
in Jones solution (Jones, 1979a), three components in the interaction tensor were not 
correct and Jones method did not satisfy the energy conservation law (Lou and 
Charalampopoulos, 1994). Secondly, Eq. (3.2.2) has been misused to perform 
orientation averaging for non-rotationally symmetric agglomerates. In orientation 
averaging o f the scattering quantities, Eq. (3.2.2) can only be used for rotationally 
symmetric scatterers such as spheroids, rings, disks, or straight chains. For non- 
rotationally symmetric scatterers, Eq. (3.2.1) must be used. Otherwise conclusion 
regarding reciprocity may be misleading. For example, figure 3.4.7 shows the
difference o f Chv / Cvh ratio by using Eq. (3.2.1) and Eq. (3.2.2) for a two-array chain
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Figure 3.4.1. Chv and Cvh o f straight chain with x  = 0.3, m = \ . l  + \0.1,NP = 10, number 
of orientations = 12 x 12, equally-spaced abscissas is used.
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Figure 3.4.2. The ratio o f Chv and Cvk o f  straight chain with x  = 0.3, m = 1.7 + i0.7, Np 
= 10, number o f  orientations = 12 x 12, equally-spaced abscissas is used.
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Compact duster, x = 0.3, m = 1.7 + 0.7/, Np = 10
4.0e-5 -
'hv




^  3.6e-5 -
3.4e-5 -
3.2e-5
100 120 140 160 180 2000 20 40 60 80
Scattering angle (deg)
Figure 3.4.3. Civ and Cvh o f  compact cluster with x  = 0.3, m = 1.7 + i0.7, Np = 
number of orientations = 12x12x12 , Gaussian Quadrature is used.
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Figure 3.4.4. The ratio o f Chv and Cvk o f  compact cluster with x  = 0.3, m — 1.7 + i0.7, 
Np = 10, number of orientations = 12x 12 x 12, Gaussian Quadrature is used.
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Figure 3.4.5. CAv and Cvh o f randomly branched chain with x  = 0.3, m = 1.7 + i0.7, 
10, number o f orientations =12x12x12, Gaussian Quadrature is used.
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120 140 160 180 200
Figure 3.4.6. The ratio of Chv and Cvh o f randomly branched chain with x  = 0.3, m = 1.7 
+ i0.7, Np = 10, number o f orientations = 12x 12x 12, Gaussian Quadrature is used.
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with x  = 0.1, m = 1.7 + i0.7, and Np = 16. From the results presented in figure 3.4.7, it is 
clear that the reciprocity theorem can be satisfied if Eq. (3.2.1) is used to conduct 
orientation averaging for non-rotationally symmetric agglomerates. It should be noted 
that Eq. (3.2.2) has been misused for non-symmetric scatterers in several other 
investigations (Drolen and Tien, 1987; Kumar and Tien, 1989; Vaglieco et al., 1994; 
Farias et al., 1996,1998; Stasio and Massoli, 1997). Furthermore, inappropriate number 
o f  orientations has been used to calculate the orientation average o f scattering 
quantities. For instance, the integral in Eq. (3.2.2) was calculated by using a 10-point 
Gaussian quadrature on both x and i|/ (Jones, 1979a; Ku and Shim, 1992). As a result, 
the number o f orientations was fixed as 10x10. However, as demonstrated in figure 
3.4.8, a 10x10 orientation averaging may work for small straight chains but is not
sufficient for larger chains. For straight chain with Np = 10 and x  = 0.3, theCAv / Cvh 
ratios are unity to within 1 % while for straight chain with Np = 30 and x  = 0.3, the 
Chv / CvA ratios fluctuate from 0.71 to 1.75 if  1 Ox 10 orientations are used to calculate 
the scattering quantities. The same trend has been found when Eq. (3.2.1) is used to 
calculate the orientation average o f non-rotationally symmetric agglomerates such as 
compact clusters and randomly branched chains.
In situ optical diagnostics o f aggregated aerosols is actually a process to infer 
the morphological parameters (size parameter o f primary particles, x, and number o f 
primary particles per agglomerate, Np) and the optical property (the refractive index m = 
n + ik) through the comparison o f the measured and calculated scattering quantities. If 
there are errors in the calculation o f scattering quantities, these errors will propagate to 
the data inversion results and in some situations could make the data inversion
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Figure 3.4.7. ChvIC vh ratio of two-array chain with x = 0.1, m = 1.7 + i0.7, Np = 
number o f orientations = 12x12x12 by using Eq.(l 1), number o f orientations = 12 x 
by using Eq. (10).
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Figure 3.4.8. Chv/C vk ratio for linear chains with x  = 0.3, m = 1.7 + i0.7, Np = 10, 
20, and 30, number o f orientations is fixed as lOx 10.
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meaningless. The violation o f the reciprocity relation o f  C*. and indicates that
there will be errors not only in the calculation o f  and C ^, but also in the
calculation o f mean cross sections Cm and Cm,- Figure 3.4.9 and 3.4.10 show the
differential cross sections Chv, C ^ , Cn , and CM for a straight chain with x  = 0.3, m = 
1.7 + i0.7 and Np = 30 calculated from orientation number 10 x 10 in which the 
reciprocity theorem is violated and from orientation number 20 x 20 in which the 
reciprocity theorem is satisfied. The calculations show that, i f  the reciprocity theorem is
not satisfied, the maximum calculation error o f  Chv and Cn  occurs at 180° and can be 
as high as 88 and 91 percent respectively. Using the data inversion scheme developed in 
chapter 5, it is found that the errors in the calculation o f the scattering quantities shown 
in figure 3.4.9 and figure 3.4.10 could result in 7.0 percent data inversion error in the 
real part of the refractive index, 17.1 percent error in the imaginary part o f the refractive 
index, 6.6 percent error in the size parameter, and 43.3 percent error in the number o f 
primary particles per agglomerate.
The models based on integral equation formulation for scattering by 
agglomerates involve solving 3Np x 3Np linear equations for each orientation. The
computational time has been found to increase as N p3. Thus for large values o f Np, the 
computational time becomes intensive. The number o f particles of soot agglomerates 
generated in practical combustion flames could be in the order o f hundreds. Under such 
conditions, it is desirable that the number o f orientations used in the simulations to be as 
small as possible. This leads to the question o f  what should be the most suitable number 
of orientations which yields the maximum accuracy in the calculation o f  average
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Figure 3.4.9. Comparison o f  Chv and Cvh calculated from 10x10 orientations and 
20 x 20 orientations for a straight chain with x  = 0.3, m = 1.7 + i0.7, Np = 30.
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Figure 3.4.10. Comparison o f Cm and calculated from 10 x 10 orientations and 
20 x 20 orientations for a straight chain with x  = 0.3, m = 1.7 + i0.7, Np = 30.
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scattering properties? It is found that, for the calculation of average scattering 
quantities, there is no consistent criterion among different investigators in determining 
the number of orientations. For instance, Vaglieco et al. (1994) used 64 orientations to 
calculate the scattering efficiency factor of 64-sphere fractal-like randomly branched 
agglomerates, while Manickavasagam and Mengii? (1997) used 10x7x7 orientations to 
calculate all the scattering matrix elements for agglomerates with primary particle 
number up to 150. On the other hand, Farias et al. (1996, 1998) calculated the averages 
o f agglomerates with Np = 16-256 by using 32 agglomerates of the same size, each
sampled at 16 orientations. The change ranges o f Ckv / Cvh ratio calculated by the 
methods used by these investigators are shown in Table 3.4.1. It is found that all these 
methods may fail to satisfy the reciprocity theorem in some situations. The maximum
errors in Cvv, Chh, Chv, and Cvh compared with the results where the reciprocity 
theorem is satisfied to be unity within 0.5 % are also shown in Table 3.4.1. In the 
method of Vaglieco et al. (1994), Eq. (3.2.2) was misused for non-symmetrical 
agglomerates and the number of orientations was fixed at 8x8, therefore the change 
range of Chv / Cvh ratio and the maximum errors in Cn , Chh, Chv, and Cvh are the 
largest within three methods. Manickavasagam and Mengup (1997) used the right 
formulation of orientation averaging, but 10x7x7 orientations were not sufficient for 
large agglomerates such as randomly branched chain with x  = 0.3, Np = 150 and D/= 1.8 
as shown in the table. Farias et al. (1996, 1998) misused Eq. (3.2.2) and used the least 
number o f orientations (4x4) for each agglomerates. However, their use o f 32 
agglomerates to calculate the averages of scattering properties reduced calculation
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errors both in the / Cvk ratio and in the quantities C „, Ckk, Chv, and Cvh as 
compared with the method used by Vaglieco et al. (1994).
Table 3.4.1. The Ckv /C vA ratios and the maximum errors in Cn , Chh, Ckv, and Cvk 
using the methods of Vaglieco et al., Manickavasagam et al., and Farias et al. 





error in C„ 
(%)
Maximum 
error in Chh 
(%)
Maximum 
error in Chv 
(%)
Maximum 






with x  = 0.3, Np 
= 64, and D/=
1.8 calculated by 
the method o f 
Vaglieco et al. 
(1994)





with x  = 0.3, Np 
= 150, and Df=
1.8 calculated by 
the method o f 
Manickavasagam 
etal. (1997)





with x  — 0.3, Np 
= 150, and Df=
1.8 calculated by 
the method o f 
Farias et al. 
(1996,1998)
0.87-1.0 12.1 -14.0 -19.4 -19.0
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
58
The reciprocity theorem can yield a criterion to determine the number of 
orientations required for calculating the averages o f scattering quantities. As an 
example, the orientation averaging o f agglomerates with x  = 0.3, m = 1.7 + i0.7, Np = 
60, and fractal dimension D/=  1.80, is calculated with different number o f  orientations.
It is found that the Ckv /C vh ratios are unity within 0.1% with number o f  orientations 
20x20x20. When the orientations decrease to 15x15x15, the Ckv / Cvh ratios are unity
within 0.6% and the maximum error o f Cn , Ckv, Ckk, and Cvh is 0.3% compared with 
those calculated at 20x20x20 orientations. If orientations decrease to 14x14x14, 
the Chv / Cvk ratios are unity within 1.3% and the maximum error o f  Cm, Chv, Chh and 
CvA becomes 3.0%. Based on detailed calculations, it is found that keeping the Chv / Cvh 
ratio unity within 0.5% is an appropriate criterion to determine the number of 
orientations required for the accurate calculation of the average o f  scattering quantities.
Under such conditions, the maximum error o f Cw, Ckv, Ckh and Cvh can be within 1%.
Using the criterion to keep the Ckv /  Cvk ratio unity within 0.5%, the minimum number 
o f orientations for different size o f  fractal like randomly branched chain is calculated 
and the results are shown in figure 3.4.11. With reference to Eq. (3.2.4), the vertical axis 
o f figure 3.4.11 shows, N, the number o f orientations required for one o f the three 
orientation angles (^ ,^ ,< u ). The total number of orientations is N x N x N . It is found 
that in order to satisfy the reciprocity theorem, the number o f orientations must increase 
if  the size (x or Np) o f agglomerates increases. For the typical sizes o f agglomerates 
generated in flames (x  < 0.3, N p < 260, Z)/= 1.8), simulations in this study show that
















200 300100 150 250500
Figure 3.4.11. The number o f orientations for one o f the orientation angles (^ ,^ ,< 0 ) 
required to make Chv and Cvh satisfy the reciprocity theorem for different size of 
randomly branched chain with m = 1.7 + i0.7, D/ = 1.8.
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the use o f 21 x21 x 21 orientations to calculate the orientation averages o f the scattering 
quantities will be sufficient to satisfy the reciprocity theorem to within 0.5 percent.
3.5 Summary
The main results of this chapter may be summarized as follows:
(1) The violations of reciprocity theorem encountered in previous investigations can 
be attributed to (a) incorrect formulations for the scattering field, (b) misuse of 
Eq. (3.2.2) for non-rotationally symmetric agglomerates, and (c) inappropriate 
number o f orientations.
(2) The reciprocity theorem can serve as a criterion to determine the suitable 
number o f  orientations required for calculating the average o f scattering 
quantities with the minimum possible uncertainties.
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CHAPTER 4. THE RANGE OF VALIDITY OF LC SOLUTION
4.1 Introduction
As indicated in chapter 2, the formulation of light scattering for agglomerates 
developed by Lou and Charalampopoulos (LC) is exact under the assumption o f 
uniform electrical field within each spherical particle. It has been shown analytically 
that LC solution satisfies the law o f energy conservation (i.e., extinction = absorption + 
scattering). Furthermore, it has been demonstrated in chapter 3 that LC solution also 
satisfies the reciprocity theorem (C*v = Cv*).
However, the assumption o f uniform electrical field within each spherical 
particle requires the diameters o f primary particles in Rayleigh limit that means the 
sizes o f particles should be much smaller compared to the incident wavelength. 
Therefore, a question is raised about the upper limit o f the primary particle size where 
the assumption o f uniform electrical field is still reasonable. In other words, what is the 
range of validity o f LC solution? The answer to this question is critical before LC 
solution is used to interpret the results o f light scattering measurements.
As stated in chapter 1, theoretically, T-matrix method possesses higher accuracy 
than LC formulation because in T-matrix method the assumption o f uniform electrical 
field within each particle is not required. Therefore, the comparison o f LC solution with 
T-matrix method for agglomerates will provide the best direct check o f the range o f 
validity o f LC formulation.
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4.2 T-matrix Method for Agglomerates
The procedure for analytically calculating scattering quantities using the T- 
matrix method for a cluster of spheres has been described in detail in Mackowski (1991, 
1994), and Mackowski and Mishchenko (1996). For convenience, only the pertinent 
mathematical relations are summarized as follows.
In T-matrix method for agglomerates, the scattered electric field from the whole 





Each of the individual fields, in turn, is represented as an expansion of vector spherical 
harmonics with the origin at the sphere center,
E „ = 1  . (4.2.2)
n=l ro= —n
where and M ̂  are the outgoing-wave vector spherical harmonics of order n and 
degree m, and a' and b‘ are the corresponding scattered-field expansion coefficients of 
the primary particle /.
Because of electromagnetic interaction between the particles, the field arriving 
at each of the surface of individual particle in the agglomerate is the superposition of 
the external incident field Einc and the sum of the individual field scattered by all other
particles. About a particular particle t the incident field can be expanded by the general 
expansion
EL. = £  i k . ( V l ,.’(A:r',S',v)') + ? ; .M l ,(ir '.S ',«> ')], (4.2.3)
m ~—n
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
63
where the coefficient p  and q‘ are determined from the propagation direction and
polarization o f the incident light.
In order to apply the boundary conditions at the sphere surface, addition 
theorems are used to translate the vector harmonics o f other particles to the vector 
harmonics about the same origin of particle After applying the boundary conditions
Here the added subscripts p  and q in Eq.(4.2.4) denote the TM and TE mode
respectively and take on the value 1 or 2. The coefficient a'np is the Mie coefficient
defined in chapter 2. The quantity H  represents the Hankel-function-based addition 
coefficients. The number o f order retained in the expansions, Nt, will generally depend 
on the size parameters o f the primary particles.
Inversion of the system o f equations in Eq. (4.2.4) identifies a transition matrix 
T o f the agglomerate that connects the scattered field coefficients with the incident field 
coefficients o f each primary particle
j = \  t= \ k = - l q = \
The analytical expressions of orientation-averaged extinction cross section and 
scattering cross sections can be obtained directly from the element o f  T  matrix
and truncating the expansions to the order n = AT/, a system o f linear equations is
obtained for the scattered field expansion coefficients for each sphere,
<*Lp = < p U  • (4.2.4)
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p  s r  y r  n^n + *X2/ 4- \ ) f mH 12
»» , 2  2-> 2-i - 1 .
where
/  = J  m»1
k 2 £ ! Ptr« /(/+1X2/I+1)/*,
(m + /i)!
‘ m npklq (4.2.7)
(4.2.8)
(m -n )!
The 7  matrix in Eq.(4.2.5) is based on the multiple particle origins o f the 
agglomerate. In order to calculate the differential cross sections (i.e., the scattering 
matrix), it is necessary to transform the particle-entered T  matrix into an equivalent 
cluster-centered T  matrix that is based on a single origin o f the cluster. According to the 
definition of Bohren and Huffman (1981), the scattering matrix that relates the incident 
and scattered Stokes parameters (/, Q, U, V) can be expressed as
(4.2.9)
X 5„ 5,3 c \14
Q, 1 S* 2̂3 5 24 Q,
u s k 2r 2 s M S 32 533 5 3 4 U,
X 5 « 543 5 4 4  JU j
The detailed analytical expressions o f the elements o f the scattering matrix for 
randomly oriented agglomerates were provided by Mackowski and Mishchenko (1996). 
Therefore the differential cross sections can be obtained by
1
Cm ~ . , 2  (S.. *̂12 2̂1 + ^22) 4 k
^ ** ~  A l - 1 + ‘̂ 12 + 1 ^21 + 1 ^ 2 2 )4 k
Chv ~ A , 2 5,2 + ^ 2l 5 22 )4k
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It should be noted that the solution o f Mackowski and Mishchenko (1996) 
provides
Sl2= S 2 l . (4.2.14)
Thus from Eqs.(4.2.12) and (4.2.13), it is found
? „ = £ ■ „  = - ^ ( 5 , , - S * ) ,  (4.2.15)
which is just the reciprocity theorem. In other words, T-matrix method satisfies the 
reciprocity theorem automatically.
The Fortran code of T-matrix method for calculation o f scattering by cluster o f  
spheres developed by Mackowski, Fuller, and Mishchenko is available on the WWW at 
http://www.giss.nasa.gov/~crmin. Before utilizing this Fortran code, some revisions 
have to be made so that it has the same definitions of scattering quantities with the code 
of LC solution.
4.3 Comparisons of LC Solution with T-matrix Method
The scattering quantities calculated from LC formulation and T-matrix method 
are compared with each other. All the calculations are based on a linear chain consisting 
o f ten particles of the same size. The refractive index is fixed at m = 1.7 + i0.7 and the 
size parameter o f the primary particle changes from 0.1 to 0.5.
Figure 4.3.1 shows the percentage differences of extinction and scattering cross 
sections between LC solution and T-matrix method. It is found that, for extinction and 
scattering cross sections, if the size parameter x  is less than 0.50, the differences 
between LC solution and T-matrix method can be less than 5 %.
Figure 4.3.2 shows the differential scattering cross sections at W  and HH
direction (multiplied by the square o f  the wave number k  to make the quantity k 2Cpp
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Figure 4.3.1 Percentage differences o f extinction and scattering cross sections between 
LC solution and T-matrix results.
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Figure 4.3.2 Comparison o f differential scattering cross sections at W  and HH 
direction calculated from LC solution and T-matrix method at m = 1.7 + /0.7, x  = 0.1, 
and Np = 10.
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non-dimensional) calculated from LC solution against T-matrix method at x  = 0.1. 
Figure 4.3.3 shows the percentage differences o f differential scattering efficiency 
factors. It is found that, the differences in Cw calculated form LC solution and T-matrix 
method are within ~ 2 % for all scattering angles. For Chh, the differences are within ~ 3 
% except for the scattering angles between 80° and 95°. The maximum o f  the errors (-9 
%) o f Chh happens at 90° as shown in figure 4.3.3.
As the size parameter x  increases to 0.2, the differential scattering cross sections 
at W  and HH direction calculated from LC solution against T-matrix method are 
shown in figure 4.3.4. At x  = 0.2, the differences in Cw calculated form LC solution and 
T-matrix method are within ~ 3 % for all scattering angles as shown in figure 4.3.5. For 
Chh, the differences are within ~ 3 % except for the scattering angles between 75° and 
90°. The maximum o f the errors (-9 %) o f Chh also happens at 90°.
While the size parameter x  is equal to 0.3, the differential scattering cross 
sections at W  and HH direction calculated from LC solution against T-matrix method 
are shown in figure 4.3.6. At x  = 0.3, the percentage differences in Cw calculated form 
LC solution and T-matrix method are within ~ 7 % for all scattering angles as shown in 
figure 4.3.7. For Chh, the differences are within ~ 8 % except for the scattering angles 
between 85° and 90°. The maximum o f  the errors (-11 %) o f  Chh still happens at 90°.
When x  increases to 0.4, the results become different as found in figures 4.3.8 
and 4.3.9. The maximal differences o f  Cw and Chh calculated from LC solution and T- 
matrix method all increases to 15 %. Both maximal differences occur at 180°.
Then let us look at C/1V, the differential scattering cross section at HV direction. 
ChV at x  equal to 0.1, 0.2, 0.3, and 0.4 calculated from LC solution and T-matrix method
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Figure 4.3.3 Percentage differences o f  differential scattering cross sections between LC 
solution and T-matrix method at to = 1.7 + /0.7, x  = 0.1, and = 10.
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Figure 4.3.4 Comparison o f differential scattering cross sections at W  and HH 
direction calculated from LC solution and T-matrix method at m = 1.7 + /0.7, x  = 0.2, 
and Np = 10.
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Figure 4.3.5 Percentage differences o f differential scattering cross sections between LC 
solution and T-matrix method at m = 1.7 + 1'0.7, x  = 0.2, and Np = 10.
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Figure 4.3.6 Comparison o f differential scattering cross sections at W  and HH 
direction calculated from LC solution and T-matrix method at m = 1.7 + z'0.7, x  = 0.3, 
and Np = 10.
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Figure 4.3.7 Percentage differences o f differential scattering cross sections between LC 
solution and T-matrix method at m = 1.7 + /0.7, x  = 0.3, and Np = 10.
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Figure 4.3.8 Comparison o f differential scattering cross sections at W  and HH 
direction calculated from LC solution and T-matrix method at m = 1.7 + /0.7, x  = 0.4, 
and Np = 10.
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Figure 4.3.9 Percentage differences o f differential scattering cross sections between LC 
solution and T-matrix method at m = 1.7 + 1'0.7, x  = 0.4, and Np = 10.
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are plotted in figures 4.3.10-4.3.13 respectively. Their percentage differences are shown 
in figure 4.3.14. It is noted that for the size parameter x  less than 0.4, the differences o f 
Chv calculated from LC formulation and T-matrix method are within -1 0  %. An 
interesting result is that the differences o f  Chv from the two methods do not increase as 
Cw and Chh do but decrease as the size parameter x  increases from 0.1 to 0.3. This result 
is contradicted to what we expected because the assumption o f uniform electric field 
within each particle is more reasonable for the smaller particles. An explanation is that 
there are relatively large numerical round off errors associated with calculation o f Chv 
because the magnitudes of depolarized components o f electric fields are usually two 
order smaller than those of polarized components.
Even though, T-matrix method is an exact solution, it is not computationally 
efficient for the agglomerates consisting o f  Rayleigh particles because it takes a lot o f 
computational time to include the effects o f high order vector spherical harmonics. 
Table 4.3.1 compares the computational times (in minute) required by T-matrix method 
and LC solution for straight chains with m = 1.7 + 0.7/ and x  = 0.3. All the 
computations were performed in a Packard Bell computer with a MMX processor o f 
300 MHz.
Table 4.3.1 Comparison of the computational times required by T-matrix method and 
LC solution for straight chains with different number o f primary particles.
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Figure 4.3.10 Comparison of differential scattering cross section at HV direction 
calculated from LC solution and T-matrix method at m = 1.7 + z'0.7, x  = 0.1, and Np = 
10.
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Figure 4.3.11 Comparison of differential scattering cross section at HV direction 
calculated from LC solution and T-matrix method at m = 1.7 + i'0.7, x  = 0.2, and Np = 
10.
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
79
0.00055










100 120 140 160 180 2000 20 40 60 80
Scattering angle (deg)
Figure 4.3.12 Comparison of differential scattering cross section at HV direction 
calculated from LC solution and T-matrix method at m = 1.7 + /0.7, x  = 0.3, and Np = 
10.
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Figure 4.3.13 Comparison of differential scattering cross section at HV direction 
calculated from LC solution and T-matrix method at m = 1.7 + i'0.7, x  = 0.4, and Np = 
10.
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Figure 4.3.14 Percentage differences o f differential scattering cross section at HV 
direction between LC solution and T-matrix method for linear chain with m = 1.7 + 1'0.7
and Np = 10.
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4.4 Ranges of Validity of LC Solution
The percent deviation contour for the accuracy domains of LC solution 
compared with T-matrix method for predicting differential scattering cross sections at 
W ,  HH directions are illustrated in figures 4.4.1 - 4.4.2 for linear chain with Np = 10. 
In the figures, the y axis is the size parameter which changes from 0.01 to 0.5 
(corresponding to dp = 2 ~ 78 nm at k  = 488 nm) while the x axis is the value o f  
refractive indices |m-l| which changes from 0.1 to 1.4 (corresponding to n = 1.1 ~  2.0 
and k  = 0.1 ~1). The percent deviation contours are represented in the x, |m -l| domain 
that involves four distinct regions. In region I, LC solution and T-matrix method agree 
to within 5%. The differences are between 5% and 10% in region II. The differences are 
between 10% and 15% in region HI whereas they are greater than 15% in region IV.
As can be seen in figures 4.4.1 and 4.4.2, generally as |m -l| increases, the range 
o f validity o f LC solution decreases. However, for |m -l| less than 1.4, if size parameter 
less than 0.23, the agreement o f LC solution and T-matrix method in predicting Cw and 
Chh can be within 5 percent. If size parameter less than 0.32, the agreement is within 10 
percent and for agglomerates with size parameter less than 0.4, the agreement o f  LC 
solution and T-matrix method can be within 15 percent. With the typical values o f 
refractive index for agglomerates generated in flames (|m -l| = 0.8 ~ 1.2), the differences 
between LC solution and T-matrix method are within 5 percent for x < 0.25, 10 percent 
for x < 0.35, and 15 percent for x < 0.42.
It is found that the ranges o f validity o f LC solution are not sensitive to the 
variation o f the morphology o f the aggregates as shown in figure 4.4.3. In figure 4.4.3, 
the percent deviation contours are calculated from linear chain and randomly branched









II 5% < e <10%
III 10% < e  <15 %





1.2 1.40.8 1.00.2 0.60.4
|m -1 |
Figure 4.4.1 Percent deviation contour for the accuracy domains o f LC solution 
compared with T-matrix method for predicting differential scattering cross sections in 
W  direction. In region I, LC solution and T-matrix method agree to within 5%. The 
differences are between 5% and 10% in region II. The differences are between 10% and 
15% in region HI whereas they are greater than 15% in region IV. Linear chain with Np 
-  10.
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Figure 4.4.2 Percent deviation contour for the accuracy domains o f LC solution 
compared with T-matrix method for predicting differential scattering cross sections in 
HH direction. In region I, LC solution and T-matrix method agree to within 5%. The 
differences are between 5% and 10% in region II. The differences are between 10% and 
15% in region III whereas they are greater than 15% in region IV. Linear chain with Np 
=  10 .
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Figure 4.4.3 Effect of morphology on the accuracy of LC solution.
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Figure 4.4.4 Effect of the number o f  primary particles on the accuracy o f LC solution.
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chain respectively. As can be seen from the figure, the ranges o f  validity are very close 
for the agglomerate with different morphology.
It is also found that the ranges o f  validity o f LC solution are almost independent 
of the number o f primary particles per agglomerate as shown in figure 4.4.4.
Therefore, the ranges o f validity shown in figure 4.4.1 and 4.4.2 are also valid 
for agglomerates with other morphologies and numbers o f primary particles.
4.5 Summary
With the typical values o f refractive index for agglomerates generated in flames 
(|m-l| = 0.8 ~ 1.2), the LC solution can be used in predicting scattering quantities with 5 
percent maximum error for x < 0.25, 10 percent maximum error for x < 0.35, and 15 
percent maximum error for x < 0.42.
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CHAPTER 5. DATA INVERSION SCHEME FOR THE MORPHOLOGICAL 
PARAMETERS AND OPTICAL PROPERTIES
Based on the theoretical formulations developed by Lou and Charalampopoulos 
(1994, 1995), a data inversion scheme is developed in this chapter to infer the optical 
properties and the morphological parameters o f  flame-generated aggregates from light 
scattering measurements.
In this chapter, both the sizes o f agglomerates and the sizes o f the primary 
particles at this stage are assumed to be monodisperse. The parameters which inferred 
from the inversion include the complex refractive index o f agglomerates m = n + ik, the 
size parameter o f primary particles x, thus the primary particle diameter dp can be 
obtained from dp = Axfit, the number o f primary particles per agglomerate Np, the 
number density of agglomerates ha, and the volume fraction o f agglomerates f -  The 
analytical evaluations o f data inversion uncertainties are also presented.
The data inversion algorithm developed here is applicable to aggregates with 
any kind of morphology. In this chapter, the data inversion scheme is mainly focused on 
linear chain-like aggregates (or straight chain). The choice of the linear chain as the test 
case is justified because of its simplicity and also since linear chain-like aggregates 
have been generated in Fe(CO)s seeded carbon monoxide diffusion flames in this 
laboratory. In addition, a complete morphological characterization o f these aggregates 
has been carried out (Zhang and Charalampopoulos, 1996).
5.1 Scattering Quantities and Their Derivatives
Consider a cloud o f aggregated aerosol that is illuminated by a beam o f incident 
light as shown in figure 5.1.1. The scattering plane is defined as the plane containing the
88















Figure 5.1.1 Schematic of light scattering by a linear chain-like aggregate.
incident light beam and the line o f sight to the detector. Two kinds o f quantities that can 
be measured directly form the experiments are scattering light intensity I  pp (0) and 
transmittance x, which may be expressed as (D’Alessio, 1981)
I pp(Q) = I 0A nV nACpp( 0)V , (5.1.1)
r  = exp( -n ACalL ) , (5.1.2)
where 0 is scattering angle, Iq the incident light intensity, AQ the solid angle as seen 
by the detector, V the scattering volume, the efficiency o f the optical and electronic 
components, x accounts for the attenuation o f  the scattering signals, nA the number
density of aggregates, L the optical path-length and Cpp (0) and Cal are orientation
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averaged differential scattering cross sections and extinction cross section for one 
agglomerate.
Then, from the measurement results, nACpp{0) and n ACa[ can be obtained 
from equations (5.1.1) and (5.1.2). In order to eliminate the effect o f  number density nA, 
the ratios are usually calculated and therefore the following scattering quantities may be
obtained:
* „ ( « )  =  <5.t.3)
(5.14)
Ce rf
* ..,(6 )  = % ^  (5-1.5)
^erf
Other quantities that are often used in data inversion are dissymmetry ratios defined by
(9) = — Cvv(9)  (5-1-6)
Cw(180° — 0)
Rhh (0) = _  C*a(9)-----, (5.1.7)
C** (180° — 0)
and depolarization ratios defined by
Rhv (0) = (5.1.8)
R* {e) = W l j k '  (5 1 -9)ip)
and polarization ratio defined by
= (5.1.10)
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The calculation o f  the partial derivatives o f Cpp(Q) and Cat with respect to n, k,
and x  are provided in chapter 2. The partial derivatives o f  Cpp (0) and Cat with respect 
to primary particle number, Np, can only be obtained by finite difference method. For 
example, the derivative o f  Cpp (0) with respect to N p may be obtained by the following 
equation:
Knowing the partial derivatives of £7^(0) and Cal with respect to n, k, x, and 
Np, these scattering quantities with respect to n, k, x, and Np can be easily obtained. For 
instance
Derivatives for other scattering quantities with respect to n, k, x, and Np can be obtained 
in a similar fashion.
5.2 Data Inversion Algorithm
As shown in chapter 2, the scattering properties o f aggregated aerosols are 
functions o f the scattering angles, the number density o f aggregates nA, the morphology 
o f aggregates, the number o f primary particles per agglomerates, Np, the size o f  the 
primary particles, x  = rzdp I X , and the real and imaginary part o f the refractive index
m = n + ik . The objective o f data inversion is to infer n, k, x, and Np firstly from the 
light scattering measurements, i.e. the scattering quantities. Once n, k, x, and Np are 
determined, the number density of aggregates nA may be calculated from equation
^Cmie ,N p) i 
SNp 2
{Cvv(0 ,N p + V )-C vv(0 ,N p - \ j ) . (5.1.11)
(5.1.12)
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(5.1.2). Under these conditions, the volume fraction of monodisperse aggregates f v can 
be calculated from the relation
n .m i\N D
A  = - /  • (5-2 1 >6
Therefore the inversion for n, k, x, and Np serves as the kernel o f a complete data 
inversion algorithm.
Mathematically, the task of data inversion is to identify a set o f value o f 
( n, k, x , N p) which satisfies the following equations:
Q X 0 ^ k ,x ,N p) = M i(0 ) ; / = 1,2, 3 ,4  (5.2.2)
where Qt is the calculated value of a scattering quantity for agglomerates characterized 
by ( n ,k ,x ,N p) at scattering angle 0 and, A/, , the measured result o f the scattering
quantity at the same scattering angle. Since in this case there are four unknown 
quantities to be determined, four measured results of scattering quantities are required.
Equation (5.2.2) is actually a system o f nonlinear equations with four unknown 
quantities. In the data inversion process, the Newton-Raphson method is utilized to 
solve the equations. More specifically, the data inversion algorithm can be illustrated as 
follows. Firstly, an initial estimate o f (n 0,k 0,x 0,N p0) is made and four calculated
results o f scattering quantities Q° ( i=  1, 2, 3, 4) can be obtained from the light
scattering formulations. Then the sum of the square of the relative differences between
Qi° ( 0 ) - M i(0)
the calculated results and the measured results S = ^
i = i
is calculated.
If S  is greater than the convergence criterion e (e = lO-4 in the calculations), an
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adjustment (An,Ak, Ax,ANp) has to be made so that new estimate («, = n0 + A n ,
make S  smaller. This process is repeated until a set o f  ( n ,k ,x ,N p) is found which 
makes the value o f S  less than the convergence criterion e.
The determination o f the adjustment (A n,Ak,Ax, A N  p) is based on the fact that 
the measured results of scattering quantities, M t (z =1, 2, 3, 4), can be expressed in the 
form o f the first order Taylor expansion at ( n0, kQ, x 0, N p0 ) as follows
This is a system o f four linear equations and therefore the adjustment ( An, Ak, Ax, AN p) 
can be obtained by Gauss-Jordan elimination method.
5.3 Uncertainties of Data Inversion
In the previous section, it is implicitly assumed that the measured results are 
exact. This implies that if  there is no errors in the scattering measurements, the inferred 
quantities ( n ,k ,x ,N p) will be the exact properties o f  the agglomerates and the 
following equation is satisfied:
k x = k 0 + A k , x x = x q+Ax , N pl = N p0 + ANp ) will yield Q,x ( i  = 1, 2, 3, 4) that will
z’= l, 2, 3, 4. (5.2.3)
Equation (5.2.3) can be rewritten as
z =1,2, 3, 4. (5.2.4)
(5.3.1)
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However, since there are always experimental errors associated with the scattering 
measurements, an estimate o f the uncertainties in the inferred (n ,k , x, N p ) is important.
Denoting the measurement error o f  M , by AM  i and the corresponding data 
inversion error o f  (n ,k ,x ,N  ) by ( An,Ak,Ax,AN p), equation (5.3.1) should rewritten
as
M , (0) + AM, (0) = 0 , (0, n + An, k  + Ak, x  + Ax, N p + A N p ) ; 
i =1 ,2 , 3, 4. (5.3.2)
Furthermore, expressing the right term o f the equation in the form o f first order Taylor 
expansion and using equation (5.3.1) yields
^  . dQi
dn dk
A n + -^ - A k  + - ^ A x  + —^ A N n = AM \ , = 1 ,2 , 3, 4. (5.3.3)
dN  pdx
Making use o f equation (5.3.1), the above equation may be rewritten as
n dQ, An ^  k dQi Ak + x  8Qt Ax + N  p dQ{ A N p _  AM i
Q . dn n Q,. dk k Q, dx x  Qt dNp N p M,
i=  1,2, 3, 4.
In matrix form, equation (5.3.4) may be expressed as follows
(5.3.4)
AM, A M 2 AM, AM , j _  
M , ’ M 2 ’ M , ’ M , J
f An Ak Ax ANP ̂ (5.3.5)
where superscript T  denotes the transverse o f  the matrix and A is expressed as




n 3 0 , k 3 0 , X 3 0 , " , 3 0 ,
f t dn 0 , dk 0 , dx 0 ,
n 3 0 2 k 3 0 2 X 3 0 2 " , 3 0 2
0 2 dn 0 2 dk 0 2 dx f t
n 3 0 3 k 3 0 3 X 3 f t " , 3 f t
0 3 dn 0 3 dk 0 3 dx f t a w .
n 3 0 4 k 3 0 4 X 3 0 4 " , 3 0 4
0 4 dn 0 4 5 * 0 4 dx 0 4 dNP
Calculate A '1, the inverse of matrix A  and then we can obtain
An AM ■
 = Z*aii-T7-
Ak ^  AM; —  = > a , , ------
K
Ax AM-
—  = 2 * a» - r r
X  M  A/,.
ANp * AM
= lL a*i
n p t r  Mi
where a u, a 2i, a3i, and a4i (i = 1, 2, 3, 4) are the elements o f A '1. The 
uncertainties o f  {n, k, x, Np) can be determined by the definition o f uncertainty
An







‘ 2  i
i= 1 M;I
Ax
x - J Z
AM;
‘ 3 i M i /
N m - J Z k
AM \2
1=1 M i  /












It has been shown that all the scattering quantities and their derivatives are 
functions of scattering angle. Equations (5.3.11) -  (5.3.14) indicate that the data 
inversion uncertainties o f (n, k, x, Np) are not only determined by the measurement 
uncertainties of A /,, but also by their measurement angles. Let Y  be the summation of 
all data inversion uncertainties
The optimum measurement angles of A/, (/ = 1, 2, 3, 4) are the angles which yield 
minimum value of Y, the summation o f all data inversion uncertainties.
5.4 Paring Problem
As stated in previous section, the main purpose o f the data inversion scheme is 
to deduce four unknown quantities (n, k, x, Np) from the measurements o f scattering 
properties. Thus, four measurable quantities have to be chosen to deduce {n, k, x, Np) 
using the present algorithm.
The selection o f the most suitable set o f scattering quantities for data inversion 
scheme is called pairing problem. As stated in previous section, there are eight 
scattering quantities available, each o f them can be measured in the scattering angle 
range of, typically, 15°-165°. The inversion o f (n, k, x, Np) requires four scattering 
quantities and a total o f 70 possible sets can be formed. The criteria for pairing of 
scattering quantities include: (1) Convergence o f data inversion scheme, (2) Minimum 
data inversion uncertainties, and (3) Convenient to measure with small measurement 
uncertainties. After rigorous calculation, several pairing sets for data inversion are 
obtained. The results are summarized in table 5.4.1.
(6.3.15)
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Table 5.4.1. Pairing sets and their inversion uncertainties at optimal angles (Straight 
chain, m = 1.7 + 0.7i, x = 0.3, Np = 10, 5 % measurement uncertainties are assumed).
Pairing sets Minimum inversion uncertainty % 
of
n k X Np
Set #1 RwdS''), Rhv(130u), Kwc(165"),Rhh(80u) 1.9 5.0 3.7 5.1
Set #2 R w ( 1 5 \  Rhv(15°), Khhe(75'i), Rhh(85°) 2.3 4.2 3.2 4.8
Set #3 Rw(15u), Rhv(15°), Khve(65u), Rhh(80“) 1.8 5.4 4.7 5.0
In table 5.4.1, it is noted that two disymmetry ratios Rw, Rhh and one 
depolarization ratio R/,v, are present in all the pairing sets. The difference is on the 
fourth scattering quantity. According to the third criterion which entails small 
measurement uncertainty, pairing set #1 is preferred because can be measured with 
relatively lower uncertainty as compared to Khhe and Khve quantities (Venizelos, 1994).
5.5 Pairing set of Rhv, KVVf, and JtM
Once the pairing set is chosen, it is necessary to assure that the light scattering 
measurements are conducted at the optimum angles. Otherwise, the large inversion 
uncertainties will render data inversion meaningless.
For the pairing set of Rm, Rhv, Kwe, and Rhh, the optimum angles and the 
corresponding minimum uncertainties o f data inversion are calculated and the results 
are shown in table 5.5.1. Two typical values o f the refractive index are used, which are, 
m = 1.7 + 0.7/, and m = 1.6 + 0.6/. It is noted that under different conditions, the 
optimum measurement angles are different. Even for the same refractive index, the 
optimum measurement angles change with the size and the number o f primary particles. 
Thus, it is impractical to make every measurement to be conducted at exactly optimum
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
98
measurement angles because the exact information about (n, k, x, Np) is unknown before 
experiments. However, in most o f the situations the ranges o f (n, k, x, Np) are typically 
known. For instance, for the chainlike aggregates generated in Fe(CO)s seeded CO 
laminar diffusion flame, the real part o f  refractive index n could be in the range o f 1.3 -  
2.0, the imaginary part o f refractive index k  = 0.2 ~ 1.0 at wavelength o f 488 nm, size 
parameter x  = 0.15 ~ 0.3, and the number o f primary particles Np = 6 ~ 20 (Zhang and 
Charalampopoulos, 1996). Once the ranges o f (jt, k, x, Np) are known, it is anticipated 
that a set o f measurement angles can be identified at which the maximum data inversion 
uncertainties will be less than 10 percent for the aggregates with the parameters within 
the indicated ranges.
Table 5.5.1. The optimum angles and corresponding uncertainty o f  n, k, x, and Np 
assuming 5 percent errors in measurement o f  Rw, Rhv, Rhh, and Kwe-
x Np
Optimum angles Uncertainty (%) o f
Rw Rhv Nwe Rhh n k  x Np
m = 1.7 + z‘0.7
0.15 10 15 165 15 80 7.8 11.1 8.7 8.1
0.2 10 15 165 15 80 5.8 8.3 5.9 4.8
0.3 10 15 130 165 80 1.9 5.0 3.7 5.1
0.3 5 15 165 50 80 6.5 11.0 7.5 7.5
0.3 15 15 90 90 80 1.9 4.8 3.7 6.6
0.3 20 15 110 100 70 2.2 5.9 3.9 8.1
m = 1.6 + 1*0 . 6
0.15 10 15 165 15 80 6.7 11.7 8.1 7.9
0.2 10 15 165 15 80 5.0 8.7 5.5 5.0
0.3 10 15 140 165 80 1.8 5.2 3.6 5.2
0.3 5 15 165 25 85 6.2 11.2 7.4 6.9
0.3 15 15 165 85 80 1.8 5.0 3.7 6.5
0.3 20 15 105 100 75 1.6 5.6 3.5 9.3
Figures 5.5.1-5.5.4 show the relations between the data inversion uncertainties 
and the measurement angles o f each scattering quantity. The data inversion
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uncertainties are calculated in such a way by changing the measurement angles o f  one 
of the scattering quantities while keeping the others at optimum measurement angles. 
AH the calculations are performed for straight chain with m = 1.7 + 0.7/, x  = 0.3, and Np 
= 10. Figures 5.5.1 and 5.5.2 show that the variation o f measurement angles of 
depolarization ratio Rhv and scattering extinction ratio Kwe display no significant effect 
on the inversion uncertainties. On the other hand, the inversion uncertainties are very 
sensitive to the change o f measurement angles o f dissymmatry ratio Rw and Rhh, as 
observed in figure 5.5.3 and 5.5.4. Only within certain angle ranges, the data inversion 
uncertainties are less than 10 percent. For Rw, the lowest data inversion uncertainty 
exists at forward or backward directions and for Rhh at approximately 80° or 100°. The 
similar trends are found for other values of refractive index, size parameter, and number 
of primary particles per agglomerate. However, as the size parameter o f primary 
particles, x, and the number of primary particles per aggregate, Np, increase, the 
uncertainties o f  R w ,  R h v ,  K w e ,  and R h h  begin to oscillate. In these situations, the ranges o f 
optimal angles become narrow, especially for Rhh• Nevertheless, if  the measurement 
angles are selected within the appropriate ranges, it is possible to assure the data 
inversion uncertainties less than 10 percent with 5 percent measurement error of 
scattering quantities for typical aggregates generated in Fe(CO) 5  seeded CO/air 
diffusion flames. It is noted that 5 percent measurement uncertainties can be achieved in 
such experiments (Venizelos, 1994). Here, 10 percent data inversion uncertainty is just 
an upper limit and it can be reduced by further optimizing the measurement angles after 
preliminary measurements and data inversions.
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Figure 5.5.1 Data inversion uncertainty at different measurement angles o f Rhv








100 1200 20 40 60 80 140 160 180
Scattering angle (deg)
Figure 5.5.2 Data inversion uncertainty at different measurement angles o f Kwe-
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Figure 5.5.3 Data inversion uncertainty at different measurement angles o f Rw.
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Figure 5.5.4 Data inversion uncertainty at different measurement angles o f Rhh-
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As an example, let us select 15° for R w  and 75° for K w e ,  R h v ,  and R h h .  Thus, 
according to the definition o f Rw, Rhv, Kwe, and Rhh, light scattering measurements at 
four angles are needed, namely: /w(150), 7^165°), 7^75°), 7^75°), Ihh(75°), 7^(105°), 
as well as transmittance t  in the experiments. While the size parameter x  varies from 
0.15 to 0.3 and number o f primary particles varies from 6 to 20, the uncertainties are 
shown in figures 5.5.5-5.5.8. It is noted that even if size parameter and number of 
primary particles vary in a relatively wide range, all the data inversion uncertainties are 
kept less than 10 percent except for some small agglomerates with xN p <1.6 (for
example, the agglomerates with* <0.20 and N p <8 or with x < 0.16 and N p <10).
For small linear chain-like aggregates with xN p <1.6, the light scattering quantities are
not sensitive to the change o f size parameters. Therefore, their data inversion 
uncertainties are higher than those o f  large aggregates even at exact optimal 
measurement angles as shown in table 5.5.1.
5.6 Examples of Data Inversion
Using simulated experimental data, the effectiveness o f data inversion code is 
tested. Two examples are given in table 5.6.1. In the two examples, the simulated 
experimental data of Rw( 15°), R/,v(75°), Rhh(75°), and Kwei75°) are generated from LC 
solution by setting m = 1.7 + /0.7, x  = 0.3, Np = 10, and m = 1.6 + /'0.6, x  = 0.2, Np = 20 
respectively. Then these results are used as input o f the data inversion code as 
experimental data. After given the initial guesses o f the values o f m, x, and Np, the final 
results o f m, x, and Np converge back to the original values respectively after 6 and 7 
steps o f iteration. Meanwhile, the data inversion uncertainties are calculated assuming 5
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Figure 5.5.6 Data inversion uncertainty of k for paring set o f R w ( 1 5 0) ,  R h v ( 7 5 0) ,  
K „ e ( 7 5 ° ) ,  and R / , h ( 7 5 ° ) ,  chain-like aggregate, m = 1.7 + 0.7/.
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Figure 5.5.7 Data inversion uncertainty of x  for paring set o f Rw(150), RhV(75°), 
Kme(75°), and Rhh(75°), chain-like aggregate, m = 1.7 + 0.7/.
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Figure 5.5.8 Data inversion uncertainty o f Np for paring set o f  R ^I5 ° ) , Rhv(75°), 
Kmc(75°), and Rhh(75°), chain-like aggregate, m = 1.7 + 0.7/.
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percent measurement errors associated with all the simulated experimental data. Thus 
the effectiveness of the data inversion algorithm is verified.
Table 5.6.1. Examples o f data inversion from simulated experimental results.
Example 1 Example 2
Simulated experimental Rw(15°)=3.4±0.2 Rw( 15°)=4.2 ± 0.2
data Rhv(75°)=0.0170 ± 0.0008 Rhv(75°)=0.0119 ± 0.0006
(Assuming 5 percent error Rhh(75°)=0.43±0.02 Rhh(75°)=0.45±0.02
in measurement) Kwc(75°)=0.0087 ± 0.0004 Kwe(75°)=0.0035 ± 0.0002
Initial guess rc = 2.0 n =2.0






Number o f iteration 6 7
Converged data and n = 1.70 ±0.04 n = 1.60 ±0.01
uncertainty corresponding k  = 0.71 ±0.05 £ = 0.60 ±0.04
to measurement errors x = 0.30 ±0.01 x = 0.20 ±0.01
Np = 10± 1 Np = 20± 2
Actual values n = 1.70 n = \ .60
£ = 0.70 £ = 0.60
x = 0.30 x = 0.20
oII £ II ro o
5.7 Sum m ary
(1) Based on the exact formulations o f light scattering by agglomerates o f 
spherical particles o f Rayleigh size, a data inversion scheme is presented to 
infer all the optical properties and morphological parameters of combustion 
generated aggregates from in-situ light scattering measurements with the
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minimum uncertainties. The parameters inferred include the complex refractive 
index o f the agglomerates m = n + ik, the average primary particle diameter dp, 
the average number o f primary particles per agglomerate Np, the number 
density o f agglomerates nA, and the volume fraction o f agglomerates f v.
(2) It is shown that the inclusion o f the uncertainty analysis in the data inversion 
scheme is critical because the data inversion uncertainties are very sensitive to 
the pairing o f different scattering quantities and their measurement angles.
(3) For linear chain-like aggregates, the pairing set o f dissymmetry ratios Rw and 
Rhh. the depolarization ratio Rhw and scattering/extinction ratio Kwe, is 
recommended to infer n, k, x, and Np when monodispersity is assumed in the 
aggregated aerosols.
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CHAPTER 6. THE EFFECT OF POLYDISPERSITY OF AGGREGATES ON 
LIGHT SCATTERING QUANTITIES AND DATA INVERSION
6.1  Introduction
In chapter 5, a data inversion scheme for characterizing chain-like aggregated 
aerosols has been developed. The data inversion scheme has the following advantages. 
Firstly, it is based on the exact formulations o f light scattering for agglomerates 
consisting of primary particles in the Rayleigh limit and therefore has solid theoretical 
foundations. Secondly, this approach could reduce all the desired parameters o f the 
aggregated aerosols just from in-situ light scattering measurements. The supplemental 
information from ex-situ measurements is not necessary. Furthermore, analytical 
evaluations o f data inversion uncertainties are presented.
In the data inversion scheme, monodispersity of chain-like aggregates has been 
assumed. The assumption o f monodispersity requires that all the aggregates and their 
primary particles are monosized. In other words, all the aggregates consist o f  the same 
number of primary particles and the sizes o f all the primary particles are the same as 
shown in figure 6.1.1. However, TEM observations of intrusive samples o f chain-like 
aggregates taken from iron pentercarbonyl seeded CO diffiision flames show that 
polydispersity always exists in the size o f  aggregates and the size o f primary particles as 
shown in figures 7.4.2-7.4.5 in chapter 7.
In this chapter, the effects o f polydispersity of chain-like aggregates on light 
scattering quantities have been examined. Then the validity o f the assumption of 
monodipersity has been checked for the chain-like aggregates with typical sizes and
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Figure 6.1.1 Schematic o f monodisperse chainlike aggregates.
optical properties in the seeded combustion flames. Finally, the data inversion scheme 
developed previously was extended to incorporate the effects o f polydispersity.
6.2 Formulation of Light Scattering by Polydisperse Agglomerates
The original formulations o f  light scattering were developed for agglomerates 
consisting o f monosized primary particles as presented in chapter 2. However, these 
formulations can be extended to calculate light scattering/extinction quantities for 
agglomerates consisting of polysized primary particles by moving all particle size
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related terms in the formulations into the summation signs. The pertinent mathematical 
relations are rewritten as follows.
For agglomerate consisting of Np primary particles of different sizes, the 
governing equation that determines the internal fields E in ith particle is given as
where, f n is a tensor of second order in terms of the spherical Bessel functions and the
associated Legendre functions, .r, = kRi the size parameter of the ith primary particle
(/?, = radius of the ith primary particle), £ = m 2 the dielectric constant (m  = n + i k , the 
complex refractive index of the scatterer).
Equation 6.2.1 forms a 3NP x  3Np linear system and the internal field ( ,  E v,
E .)  of each particle can be solved by Gaussian elimination method or complex 
conjugate gradient method once the incident electric field is given. Then the differential 
scattering cross sections are given by
(6 .2 . 1)
>=i
CO =  £  — 1 = (n + i k ) 2 — I (6 .2 .2 )
(6.2.3)
(6.2.4)
Cvn(0) = \e-1\-\V\- (6.2.5)
Chp{d )= \e - \[ \H (6 .2.6 )
(6.2.7)
r = l
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•v r
H = R ,x J i (.t, )exp(-ikrt cos /?, )(cos0EVI -s in  QE. , ) (6.2.8)
cos [3, = cos0 , cos 0 + sin 0, sin 0 cos <(>,----
v -  J
(6.2.9)
For different states of polarization of the incident light, four angular differential 
scattering cross sections Cvv, C/,v, C/,/,. and Cv/, are obtained from equations (6.2.5) -
On the other hand, the extinction cross section of the agglomerate Crt, is given
where the asterisk denotes the complex conjugate, Im denotes the imaginary part of a 
complex number.
The scattering/extinction quantities of equations (6.2.5) -  (6.2.6) and equation
(6.2.10) are for one specific orientation of the agglomerate. The orientation averages of 
Cpr and C„, can be calculated by the following equation, for example.
where ( X- V ) is the polar angle of rotation axis of the agglomerate and co is the rotation 
angle. For any rotational symmetric scatterers, the rotation angle to is dropped out and 
equation (6 .2 . 1 1 ) takes the form as
(6.2.9).
by
Cr„ = 4/r Im (e - 1 ) £ R,2j\  (.r, )£, • Emc ' (6 .2 . 10)
(6 .2 . 11)
(6 .2 . 12)
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For chain-like aggregates, integration o f equation (6.2.12) is carried out numerically by 
Ng x Ng points Gaussian quadrature. The number o f Ng is determined to assure the 
reciprocity theorem to be satisfied which requires Chv (0)1 Cvh (0) to be unity within 0.5
percent as stated in chapter 3.
In order to separate the effect of polydispersity o f the number of primary 
particles per agglomerate and that o f primary particle size, two kind o f aggregates are 
considered. The first one is chain-like aggregates which consist o f polysized but the 
same number of primary particles as shown in figure 6.2.1. The second one is chain-like 
aggregates which consist o f monosized but different number o f primary particles per 
aggregate as shown in figure 6 .2 .2 .
Figure 6.2.1 Schematic o f chain-like aggregates consisting o f polysized but 
the same number o f primary particles





Figure 6.2.2 Schematic o f  chain-like aggregates consisting o f  monosized 
but different number of primary particles per aggregate.
6.3 The Effect of Polydispersity of Primary Particle Size
6.3.1 Generation o f Agglomerates
In order to examine the effect o f polydispersity o f primary particle size, we have 
to generate chain-like agglomerates which consist o f the same number but polysized 
primary particles according to a given probability distribution function (PFD) o f sizes. 
Usually zero order logarithmic distribution (ZOLD) function is used to expressed the 
probability distribution of the sizes o f primary particles, which is expressed as (Kerker, 
1969)
(6.3.1)
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where dm is the model value of the diameters o f  primary particles and a  is a measure of 
width o f distribution. The parameters dm and <r are related to the mean value by the 
following equation (Kerker, 1969):
\ndp = \ndm +1.5er2 (6.3.2)
The diameters o f each primary particle, dp, is generated by a technique called 
rejection method (Press et al., 1989). The rejection method is based on a simple 
geometrical argument: Draw a graph o f the probability distribution P(dp) that we want 
to generate, so that the area under the curve in any range of dp corresponds to the 
desired probability o f generating a dp in that range.
An example o f generating primary particle sizes according to a ZOLD function 
with parameter dm = 47.2 nm, a  = o . 4  by rejection method is illustrated in figure 6.3.1. 
In this approach, two random number generators are used. One generates a random 
particle size while the other generates a random probability distribution value. Once the 
generated probability distribution value is less than the value o f  given distribution 
function, the generated particle size is accepted. Otherwise, the generated particle size is 
rejected. As shown in figure 6.3.1, range A (45nm < dp <55nm) has the higher 
probability value than range B (75nm < d p < 85nm ) according to the distribution 
function. As a result, the number of primary particles generated in range A is more than 
that in range B. Figure 6.3.2 shows the result o f the generated probability distribution 
for 5000 particles. It is noted that the generated distribution agrees very well with the 
given distribution function. In this way, the agglomerates are generated which consist o f 
polydisperse primary particles according to a given probability distribution function.
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Figure 6.3.1 Generation o f  primary particle sizes according to probability distribution 
function.
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Figure 6.3.2 Comparison o f  the generated primary particle size distribution and the 
given ZOLD function with dm = 47.2 nm and a  = 0.4
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
120
6.3.2 Calculation of Scattering Quantities
The light scattering quantities, such as scattering/extinction ratio Kwe, 
dissymmetry ratio R m  and R h h ,  depolarization ration R h v ,  resulting from a cloud o f 
chain-like aggregates consisting o f polydisperse sizes o f  primary particles may be 
calculated by following formulations:
Y .C 1J0)
= T   (6-3.3)
S c i
7=1
= ~ ---------- (6.3.4)
7-1
=  (6'3'5)
Y c H * - 6 )
7=1
Z c i w
« .,(« ) = ” 3 - (63.6)
£ c „ '  ( x - 6 )
7=1
where N  is the number o f aggregates used in calculation o f  ensemble averages. It is 
found that with N  = 2000, the above scattering quantities could obtain statistically
significant predictions with less than 2 percent numerical uncertainties within 95
percent confidence interval if  the distribution width a  is less than 0.4.
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6.3.3 Results and Discussion
Before we check the effect o f  polydispersity of primary particle sizes on light 
scattering quantities, let’s firstly look at a simple example in which aggregates 
consisting o f  two particles are considered. The light scattering quantities from three 
kinds o f aggregates, which have the same length of 1 2 0  nm  and mean particle size o f 60 
nm, are calculated respectively. Aggregate No. I consists o f two particles o f the same 
size, which is 60 nm. The sizes o f two particles for aggregate No. 2 are 80 nm  and 40 
nm. Aggregate No. 3 has two particles of 100 nm  and 20 nm. Obviously, these three 
aggregates have the same aspect ratio (aggregate length divided by mean particle size), 
but different polydispersity. Figures 6.3.3-6.3.6 show the calculated results o f light 
scattering quantities o f Kwe> &hv, and Rhh from the three aggregates. It is noted 
that, for aggregate consisting of two particles, as the size difference o f the two particles 
increases, K w e  increases and becomes almost constant at all scattering angles, Rhv  
decreases to nearly zero, and /?vv and Rhh tend to be unity. For aggregate No. 3 which 
consists o f two particles of 1 0 0  nm and 2 0  nm, its patterns o f light scattering quantities 
just look like the scattering quantities resulting from a single particle of Rayleigh size. 
In other words, if a small particle is in contact with a large particle, the detector can 
only “see” the larger particle.
Then let us look at the effect o f polydispersity of primary particle size on the 
light scattering quantities. Figures 6.3.7-6.3.10 are the results o f  ATwe, Rf,v, Rm, and Rhh 
calculated from aggregates consisting o f primary particles with different polydipersity. 
The degree o f  polydispersity is controlled by the value o f the distribution width, a, o f  
the ZOLD function. When a  increases, the polydipersity o f the primary particles
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Figure 6.3.3 The effect of polydispersity of primary particle size on Kwe for aggregates 
with Np = 2, m = 1.7 + i0.7
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Figure 6.3.4 The effect o f polydispersity o f primary particle size on Rhv for aggregates 
with Np = 2, m = 1.7 + i0.7
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 d, = 60 nm, d2 = 60 nm
d, = 80 nm, d2 = 40 nm 
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Figure 6.3.5 The effect of polydispersity o f primary particle size on Rvv for aggregates 
with Np = 2, m = 1.7 + i0.7
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Figure 6.3.6 The effect o f  polydispersity o f primary particle size on Rhh for aggregates 
with Np = 2, m = 1.7 + i0.7
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Figure 6.3.7 The effect of polydispersity o f primary particle size on Kwe for aggregates 
with = 10, d p = 60 nm, m = 1.7 + z'0.7.
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Figure 6.3.8 The effect o f polydispersity of primary particle size on Rhv for aggregates 
with Np = 10, d p = 60 nm, m = 1.7 + /0.7.
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Figure 6.3.9 The effect o f polydispersity of primary particle size on Rw for aggregates 
with Np = 10, dp = 60 nm, m = 1.7 + i'0.7.
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Figure 6.3.10 The effect o f polydispersity of primary particle size on Rhh for aggregates 
with Np = 10, d p = 60 nm, m = 1.7 + z'0.7.
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increases. When a  changes, the model value dm o f the ZOLD function is adjusted 
according to equation 6.3.2 to keep the average diameter o f  the primary particles to be 
constant. It is noted from the figures that, for aggregates with Np = 10, dp = 6 0  nm, and
m = 1.7 + iO.l, as a  increases, Kwe increases, Rhv decreases, and Rw and Rhh change in 
the direction toward unity. These trends are just the same with that o f  aggregates 
consisting o f two particles. The comparison o f figures 6.3.7-6.3.10 and figures 6.3.3- 
6.3.6 indicate that the effects o f increasing the polydispersity of primary particles o f 
multi-particle-agglomerates on the light scattering quantities is analogous with that of 
increasing the size differences o f the primary particles o f two-particle-agglomerates. It 
is found that the monodisperse aggregates have the highest degree o f anisotropy 
because they have the highest value o f  depolarization ratio and dissymmetry ratios at 
the forward scattering angles. As polydispersity o f the primary particle size increases, 
the degree o f anisotropy o f aggregates decreases and therefore the depolarization ratio 
decreases and the dissymmetry ratios change in the direction toward unity.
6.4 The Effect o f Polydispersity of Primary Particle Number
6.4.1 Calculation o f Light Scattering Quantities
In a scattering volume consisting o f N  agglomerates, the number of 
agglomerates with primary particles o f Npi is assumed to be «/. The differential 
scattering coefficient may be expressed as follows:
(6.4.1)
where Cpp(N pi) is differential scattering cross section which results from a 
agglomerate with primary particles o f  Npi.
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Equation (6.4.1) may be rewritten as
<6A 2> 
N „ - 1 H
where tti/N is actually the probability distribution of the number o f primary particles 
and it can also be expressed by a ZOLD distribution function P(nQ
e x p ( -^ - )
r - \ 2
i niIn —  
"mjP(n,) = --------7==~exp[— ■ / ] (6.4.3)
nma^j2jr 2 a
where nm is model value o f the numbers o f primary particles and a  is the width o f 
distribution.
The differential scattering coefficient can be simplified as
K ppiO) = NCpp(0) (6.4.4)
where Cpp is defined as average differential scattering cross section. With reference to 
equation (6.4.2), it is found that Cpp can be expressed as
C „ (0 )  = X  p (.n, )C„(AT„.) (6.4.5)
n,=!
In the same fashion, the extinction coefficient can be expressed as
K at = NCat (6.4.6)
where Cat is mean extinction cross section, which can be calculated by
(6.4.7)
«.=•
Therefore considering polydispersity o f the number o f  primary particles, the 
light scattering quantities Kwe, Rhv, Rw, and Rhh may be given by






6.4.2 Results and Discussion
Figures 6.4.1-6.4.4 show the calculated results o f Kwe, Rhv, Rw, and Rhh from 
aggregates consisting o f polydisperse number of primary particles per agglomerate. It is 
noted that the effect o f polydispersity of primary particle number on the scattering 
quantities is much smaller than that of polydispersity o f primary particle size. For 
instance, for monodisperse agglomerates with Np = 10, dp -  60 nm, and m = 1.7 +0.7i, 
ATvtc(15°) is 0.037, 15°) is 0.018, and R ^i  15°) is 4.27. If the number o f  primary
particles per agglomerate becomes polydisperse, say, with distribution width a  = 0.3, 
Kwe( 15°) becomes 0.036, Rhv( 15°) becomes 0.019, and /JwOS0) becomes 4.14. The 
changes are 2.7, 5.6, and 3.0 percent respectively. However, with the same distribution 
width, for agglomerates consisting of polydisperse primary particle size, /rwc(150) 
becomes 0.047, /?Av(150) becomes 0.012, and /?w05°) becomes 3.60. The changes are 
20.0, 33.3, and 15.7 percent respectively compared with monodisperse agglomerates. 
Equations (6.2.5)-(6.2.6) indicate that the differential cross sections are proportional to 
(primary particle diameter) 6  whereas they are proportional to (number o f  primary 
particles)2. Therefore, it is not surprising to find out that the effect o f polydispersity of
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Figure 6.4.1 The effect o f  polydispersity o f primary particle number on Kwe 
aggregates with Np = 8 ,x p = 0.3, m = 1.7 + /O.7.
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Figure 6.4.2 The effect of polydispersity o f primary particle number on Rhv 
aggregates with N p = 8 , xp = 0.3, m = 1.7 + z'0.7.
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Figure 6.4.3 The effect o f polydispersity o f primary particle number on Rvv for
aggregates with N p = 8 , xp = 0.3, m = 1.7 + /O.7.
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Figure 6.4.4 The effect of polydispersity o f primary particle number on Rhh
aggregates with N p = 8 , xp = 0.3, m = 1.7 + /O.7.
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primary particle size on light scattering quantities is much stronger than that o f  
polydispersity o f primary number per agglomerate.
6.5 Validity o f the Assumption of Monodispersity for Polydisperse Agglomerates
As stated previously, the aggregates generated in combustion flames are 
polydisperse in both the number o f  primary particles per aggregate and the sizes o f  
primary particles. However, in order to make it computationally efficient to interpret the 
results o f  light scattering measurements, most o f the investigators assumed the 
aggregates were monodisperse in the number of primary particles per aggregate and the 
sizes of primary particles. The validity o f the assumption o f  monodispersity in data 
inversion schemes has not been evaluated and the data inversion errors resulted from 
this assumption are not clear currently.
Here an evaluation o f the validity o f the assumption o f  monodispersity has been 
made for straight chains generated in Fe(CO) 5  seeded CO diffusion flames. The data 
inversion scheme for monodisperse agglomerates developed in chapter 5 has been 
utilized to calculate the errors resulted from the assumption o f monodispersity for 
actually polydisperse aggregates. The procedure is carried out as follows:
Firstly, the results o f light scattering quantities such as Kwe, Rhv, Rw, and Rhh are 
calculated from the formulations in which the effect o f polydisperseity of either primary 
particle size or primary particle number is considered with the given values o f  optical 
properties and the size parameters. Then these results are utilized as the simulated 
experimental results into the data inversion code to infer the optical properties and the 
size parameters for monodisperse agglomerates. The difference between the inferred
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values o f the parameters o f the aggregates and the original given values are therefore 
resulted from the assumption of monodisperity.
At first, let us check the validity o f the assumption o f  monodispersity for 
agglomerates consisting o f polysized primary particles. The results o f K w e ,  R h v ,  R w ,  and 
Rhh are calculated firstly from equations (6.3.3)-(6.3.6) in which the effects of 
polydispersity o f primary particles are considered. Then these results are used as the 
simulated experimental results into the data inversion code. The differences between the 
inferred values and the original ones are shown in table 6.5.1.
Table 6.5.1 Data inversion errors resulted from the assumption o f  monodispersity for 
agglomerates consisting o f polydisperse size of primary particles (straight chains,




dm True Infered Error True Infered Error True Infered Error
nm value value % value value % value value %
59.1 0.1 1.70 1.68 -1.1 0.70 0.68 -1.2 10 9 -10.0
56.5 0.2 1.70 1.62 -4.7 0.70 0.62 -11.4 10 8 -20.0
52.4 0.3 1.70 1.60 -5.9 0.70 0.48 -31.4 10 6 -40.0
47.2 0.4 1.70 1.58 -7.0 0.70 0.26 -62.8 10 5 -50.0
From table 6.5.1, it is noted that for aggregates with polydisperse primary 
particle size, the assumption of monodipersity tends to underestimate the real and 
imaginary parts o f refractive index and the number and primary particles. The errors 
increase while the distribution width, a , increases. When the distribution width a  is 
equal to 0 .1 , the largest relative errors is 1 0  percent which is at the same order as the 
data inversion uncertainties resulted from experimental uncertainties. In this situation,
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the effect o f polydipersity of primary particle size may be neglected. When the 
distribution width, a, is greater than 0.3, the large errors make the data inversion results 
meaningless because the maximum relative errors could be as high as 40 percent, which 
is almost three factors higher than the data inversion uncertainties resulting form 
experimental uncertainties as shown in chapter 4. Usually, in Fe(CO)5-seeded CO 
diffusion flames, the distribution widths o f  primary particle size are in the ranges from 
0.3 to 0.4 (Zhang and Charalampopoulos, 1996). Therefore the effect of polydispersity 
of the size o f primary particles has to be considered in the data inversion schemes.
Next, let us check the validity o f the assumption o f monodispersity for 
agglomerates consisting of polydisperse primary particle number. The results o f Kwe, 
Rhv, Rw, and Rhh calculated from equations (6.4.8)-(6.4.11) are used as the simulated 
experimental results into the data inversion code. The difference between the inferred 
parameters o f the aggregates and the original ones are shown in table 6.5.2.
Table 6.5.2 Data inversion errors resulted from the assumption o f monodispersity for 
agglomerates consisting of polydisperse number of primary particles (straight chains,






















7.53 0 . 2 1.70 1 . 6 6 -2.4 0.70 0.72 2 . 8 0.40 0.41 2.5
6.99 0.3 1.70 1.63 -4.1 0.70 0.73 4.3 0.40 0.42 5.0
6.29 0.4 1.70 1.61 -5.3 0.70 0.73 4.3 0.40 0.43 7.5
5.50 0.5 1.70 1.60 -5.9 0.70 0.74 5.7 0.40 0.43 7.5
4.66 0 . 6 1.70 1.58 -7.0 0.70 0.75 7.1 0.40 0.44 1 0
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From table 6.5.2, it is noted that for aggregates with polydisperse primary 
particle number, the assumption o f monodispersity tends to underestimate the value o f 
the real part o f  refractive index and overestimate the value o f imaginary part o f 
refractive index and primary particle size. As we expected, the errors increase while 
distribution width, a, increases. However, as shown in the table, using the typical value 
of the refractive index, if  the distribution width is less than 0 .6 , the maximal relative 
errors will not exceed 10 percent. For the straight chains generated in Fe(CO)5-seeded 
CO/air diffusion flame, the distribution width of aspect ratio, which is defined as the 
ratio o f the length o f a chain to the mean diameter o f its primary particles, is usually in 
the range from 0.34 to 0.60 (Zhang and Charalampopoulos, 1996). Therefore, the effect 
of polydispersity o f  primary particle number can be neglected in data inversion scheme 
when light scattering measurements are performed in Fe(CO)5-seeded flames.
6 . 6  Data Inversion Scheme Incorporating Polydispersity o f Agglomerates
When the polydispersity is considered, there will be six unknowns associated 
with the characteristics o f chain-like agglomerates. These unknowns are the real and 
imaginary part o f  the refractive index (n, k), two parameters describing the distribution 
of primary particle size (d„ , ay), and two parameters describing the distribution o f  the 
number o f primary particles per aggregate (N„, as). The data inversion scheme 
developed in chapter 5 could be extended to infer six unknowns if  all the derivatives of 
the scattering quantities with respect to these unknowns could be calculated. However, 
there are no analytical expressions to calculate the derivatives of the scattering 
quantities with respect to the distribution parameters o f primary particle size (dm, aj) 
because the effect o f polydispersity o f  primary particle size is included in a statistical
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manner. The only way to calculate these derivatives is to use finite difference method. 
Considering the fact that all the averages o f scattering quantities are calculated from 
large amount of aggregates (N = 2000), a data inversion scheme to infer all six 
unknowns will be computationally prohibitive. From the results o f last section, 
neglecting the effect o f polydispersity o f primary particle number will not induce 
significant errors on the results o f  data inversion. Therefore, the number o f  primary 
particles per aggregate is assumed to be monodisperse and the unknowns are reduced to 
five, namely, n, k, dm, Od. and Np.
6.6.1 Calculation o f  Derivatives
For a realization of agglomerate consisting o f polysized primary particles, the 
derivatives o f Cpp (0) and Cat with respect to n and k  are provided in chapter 2. The
partial derivatives o f Cpp (0) and Cal with respect to dm, Od, and Np, can only be
obtained by finite difference method. For example, the derivative o f Cpp(Q) with
respect to dm, ay, and N p may be obtained from the following equations:
d C ( 0 ,N o) -  x
l i "  + Adm/ 2 ) - C vv(0 ,d m- A d n /2 ))/A d m (6.6.1)
d C (0 ,N „ )  \
— ^ ----- -  = {C„(0,<t,  + A ad I 2 ) - C n { 0 ,a d - A a d l2))/A<Td (6.6.2)
d a d
d C (Q ,N n) i x
d N ' 2 {C” ie ' N p -D )  (6.6.3)
where A dm and A a d are 5 percent o f dm and 10 percent o f  ay respectively in this study.
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Knowing the partial derivatives o f  C ^  (0) and Cat with respect to n, k, dm, 
and N p, the scattering quantities with respect to these parameters can be easily 
obtained. For instance,
1
*  t c i
(6.6.4)
Derivatives for other scattering quantities with respect to n, k, d„, CTd, and Np can be 
obtained in a similar fashion.
6.6.2 Pairing Set o f Scattering Quantities and Example o f Data Inversion
Following the methodology developed in chapter 5, five unknowns require five 
scattering quantities. It is found that ^ ^ 1 6 5 ° ) ,  Rhd45°), i?vv(150), /?**(! 05°), and 
PhJ(85°) yield a good pairing set for the chain-like aggregates generated in seeded 
combustion flames. An example o f data inversion is shown in table 6.6.1. The simulated 
experimental data o f £ ^ 1 6 5 ° ) , RhdA5°), ^ ^ 1 5 °), /?*a(105°), and PhJi%5°) are generated 
from the given optical property (m = 1.7 + 0.7/) and size parameters o f agglomerates 
(dm = 52.4 nm, CTd = 0.3, and Np = 10). Set the initial guess randomly as m = 1.5 + 0.5/, 
dm = 40 nm, Od = 0.2, and Np = 15. After 14 steps of iteration, the optical property and 
size parameters o f agglomerates converge back to m = 1.702 + 0.704/, dm = 51.6 nm, CTd 
= 0.305, and = 10. Assuming 5 percent measurement uncertainties of the light 
scattering quantities, the uncertainties o f  n, k, dm, Od, and Np are 2.5, 6.9, 4.0, 3.3, and
5.2 percent respectively.
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Table 6.6.1 Example o f data inversion for agglomerates consisting o f  polysized primary
particles.
Simulated experimental data Rvv(15°)=3.59 
Rhv(45°)=l .04E-2 
Rhh( 105°)= 1-61 
Kwe( 165°)= 1.29E-2 
Phv(85°)=9.65E-3
Initial guess m = 1.5 + 0.5i, dm = 40.0 nm, CTd = 0.2, Np = 15
Number o f iteration 14
Converged data m = 1.702 + 0.704i
dm = 51.6 nm,
CTd = 0.305
Np =  10
Actual values m =  1.700+ 0.700i
dm = 52.4 nm,
CTd = 0.300
Np =  10
Uncertainties o f  data inversion An/n = 2.5 %
(Assuming 5 percent measurement Ak/k = 6.9 %
uncertainties o f the light scattering Adm /dm = 4.0 %
quantities) ACTd /CTd = 3.3 %
ANp/ Np = 5.2 %
6.7 Summary
The results o f this chapter may be summarized as follows:
(1) For chain-like aggregates generated in combustion flames, as the 
polydispersity o f primary particle size increases, the degree o f anisotropy o f aggregates 
decreases. As a result, the depolarization ratio decreases and the dissymmetry ratios 
change in the direction toward unity.
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(2) For chain-like aggregates generated in combustion flames, the effect of 
polydispersity o f primary particle size on the light scattering quantities is much stronger 
than that o f polydispersity of the number o f primary particles per aggregate.
(3) For aggregates with polydisperse primary particle size, the assumption of 
monodipersity tends to underestimate the real and imaginary part o f refractive index and 
the number and primary particles. When the distribution width a  is greater than 0.1, the 
effect o f polydispersity o f the size o f primary particles must be considered in the data 
inversion schemes.
(4) For aggregates with polydisperse primary particle number, the assumption of 
monodispersity tends to underestimate the value o f  the real part o f  refractive index and 
overestimate the value o f  imaginary part o f refractive index and primary particle size. 
For chain-like aggregates generated in seeded combustion flames, if  the distribution 
width is less than 0 .6 , the effect o f polydispersity o f primary particle number may be 
neglected.
(5) For data inversion scheme incorporating polydispersity o f  agglomerates, 
ATva.eC 165°), /?avC45°), Aw(150), /?/,/,(105°), and Phv(S50) make a good pairing set for the 
chain-like aggregates generated in seeded combustion flames.
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CHAPTER 7. EXPERIMENTAL MEASUREMENTS AND DATA INVERSION 
USING CLASSIC LIGHT SCATTERING
7.1 Generation of Chain-like Aggregates
Based on the method originally developed by Kasper et al. (1980), a burner 
system to generate chain-like agglomerates had been designed and fabricated in this 
laboratory (Zhang, 1995; Waguespack, 1997).
In the burner system, iron pentacarbonyl (Fe(CO)s) vapor is seeded to a carbon 
monoxide (CO) flame. At temperature higher than approximately 300°C, the iron 
pentacarbonyl decomposes and oxidizes in the presence o f oxygen to form iron oxide 
(Kasper et al., 1980). In the flame, the iron oxide forms nearly spherical particulates 
whose mean diameter are typically on the order of 50 nm (Zhang, 1995). Under 
appropriate flame conditions, these particulates o f iron oxide tend to agglomerate and 
form chain-like agglomerates.
The experimental facilities to generate chain-like aggregates consist o f three 
subsystems: gas supply, additive feeding, and burner. The details on the procedure o f 
running the Fe(CO)5 seeded CO diffusion flames are presented in Appendix B.
7.1.1 Gas Supply
The layout o f the gas supply is shown in figure 7.1.1. The gas supply system 
consists o f compressed gas cylinders, flow meters, and valves. This system, which is 
available for both premixed flame and diffusion flame burners, supplies a regulated 
amount o f fuel, oxidizer, and nitrogen to the burners. Specifically, for CO diffusion 
burner, the flow rate o f CO and oxygen are controlled by needle valves and monitored 
by thermal-type digital flow meters (Hastaings, Model HFM 200) with an accuracy o f 1
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N2 DilutionN2CO N2 Shroud
Figure 7.1.1 Schematic diagram o f gas supply system.
percent o f the full scale (5 1/min). A source of nitrogen is provided to purge the system 
in order to clean the deposits o f  iron pentacarbonyl on the gas line and the burner at the 
moment the burner is shut down because iron pentacarbonyl is highly toxic. Other 
independent sources o f nitrogen are also supplied to the burner for use as a shroud or 
dilution o f fuel or oxidizer if  necessary.
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7.1.2 Additive Feeding
The iron pentacarbonyl vapor is added to the CO stream through the additive 
feeding system as illustrated in figure 7.1.2. Specifically, a portion o f  the CO stream is 
bypassed as a carrier gas to bubble through the temperature regulated Fe(CO ) 5  container 
(evaporator cylinder). This carrier flow is then recombined with the main CO stream 
and directed through stainless tubing to the burner. It is found that the mass flow rate o f 
Fe(CO) 5  has a linear relationship with the flow rate o f carrier gas (CO) (Zhang, 1995). 
Thus, the amount o f Fe(CO)s seeded in the flames can be controlled by the amount o f 
bypassed fuel. A thermal-type digital mass flow meter (Hastings, Model HFM 200L) 
with an accuracy o f  1 percent o f the full scale (300 cc/min) is used to monitor the flow 
rate of carrier gas. The fuel tube after the evaporator is electrically heated and properly 
insulated to maintain a mean temperature of 102°C to reduce the condensation o f 
Fe(CO) 5  on the tubing walls.
7.1.3 Burner
The burner used in this study is a concentric-tube diffusion burner, which is 
illustrated in figure 7.1.3. The burner is constructed o f three concentric stainless steel 
tubes. Two central tubes with different sizes are available. One is Vi-in in diameter that 
was used by Zhang (1995). Another one is '/4-in in diameter that was used by 
Waguespack (1997). The fuel (CO + Fe(CO)5) flows through the central tube, emerging 
to combust with either room air or an annulus o f O2 emerging from a 1/16-in thick 
annular outlet surrounding the central tube. The outmost tube provides an outlet for 
shroud gas such as nitrogen if  necessary. The flame is stabilized by a shelter o f 7.75”  in 
diameter that covers the lateral side o f the flame completely as shown in Appendix B.
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Figure 7.1.2 Diagram of the additive feeding system
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Figure 7.1.3 Concentric tube Burner.
7.2 Thermophoretic Sampling System
In the ex situ techniques, the agglomerates are usually extracted from the flame 
by sampling probes or water-cooled plates. Then the sizes and morphology of the 
aggregates can be analyzed through the measurements o f extracted samples utilizing
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transmission electron microscopy (TEM). The advantages and disadvantages o f ex situ 
techniques have been discussed in chapter 1 .
In this study, a thermophoretic sampling probe is used to extract agglomerate 
samples from Fe(CO) 5  seeded CO flames. The sizes o f  the chain-like agglomerates are 
obtained from TEM analysis. Then the results from ex situ technique are compared with 
the results from in situ optical measurements.
Thermophoretic sampling is based on the principle that, when an instant cold 
probe is inserted into the hot flame, a temperature gradient is established which drives 
the agglomerates in the flame to deposit on the cold surface. The thermophoretic 
sampling system used in this study (figure 7.2.1) consists o f pneumatic cylinder 
(Bimba, Model MRS-04-DXP), solenoid valve, and computer trigger provided by a 
Macintosh SE computer. A thermophoretic probe (20 x 4 x 0.2 mm) is mounted on the 
tip of piston shaft. A 3 mm diameter carbon coated copper grid (Electron Microscopy 
Science, FCF200-Cu, 200 mesh) is taped on the tip o f the probe. The probe enters the 
flame in the radial direction, oriented parallel to the streamline o f the flow in order to 
minimize disturbance to the flame. The duration time o f the thermophoretic sampling is 
controlled by the computer and is typically in the range of 75 to 200 ms (Zhang, 1995; 
Waguepack, 1997).
7.3 Optical Measurement System
The optical measurement system of classical light scattering consists o f the light 
source, the focusing optics, the detection optics, and the signal processing electronics. A 
schematic o f the system is shown in figure 7.3.1. The details on the procedure o f optical 
system alignment are included in Appendix C.












Figure 7.2.1 Thermophoretic sampling system.
A vertically polarized argon ion laser (Spectra-Physics, Model 164) is used as 
the light source. The laser is tuned to a wavelength o f 488 nm and the polarization states 
o f the laser beam can be rotated as either vertical or horizontal direction with a half­
wave plate made o f  mica (Karl Lambrecht). After emerging from the half-wave plate, 
the laser beam is chopped by a mechanical chopper (EG&G Princeton Applied 
Research, Model 196) at a frequency of 2000 Hz. By the use o f half-wave plate, the 
polarization state o f  the incident beam can be set either at vertical or horizontal
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
152
Flame















D l, D2, D3: Diaphragm
Figure 7.3.1 Schematic diagram o f optical measurement system for classical 
light scattering
direction. Then the incident beam is focused by a BK7 glass plano-convex focusing lens 
(Melles Griot, f  = 400 mm) to a  point in the center o f  the flame. After emerging from 
the diaphragm behind the focusing lens, the laser beam passes through a high quality 
prism polarizer PI (Karl Lambrecht, Model DCGF, extinction ratio to 10-6) in order to 
improve the state of polarization o f the incident light.
The detection system includes a polarizer P2, a collection lens L2 (Oriel 41365, 
f  = 125 mm), a laser line filter (Ealing 35-8366), variable apertures, and a
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photomultiplier tube (Thom EMI 9863B/350). The polarizer P2 is to define the state o f 
polarization o f the scattered radiation. The laser line filter only transmits light with the 
wavelength band o f 488 ± 1 nm. Thus the light that does not originate from the 
scattering o f incident laser beam, for example, the emission from the combustion flame, 
is filtered out effectively. The size o f diaphragm D2 is set to 0.6 mm that defines the 
solid angle viewed by the photomutiplier tube. The size o f diaphragm D3 is set to 0.6 
mm in order to reduce the effect o f stray light. After emerging from diaphragm D3, the 
intensity of the scattered light is detected by the photomultiplier tube.
The current signal from the output o f the photomultiplier tube is preamplified 
by a current preamplifier (EG&G Brookdeal, Model S002) and fed into a lock-in 
amplifier (EG&G Princeton Applied Research, Model 5209). The output signal from 
the light chopper is also fed into the lock-in amplifier as a reference signature. In this 
way, any signal that does not carry the signature set by the light chopper will be filtered 
out by the lock-in amplifier. The voltage signal from the output o f  the lock-in amplifier 
is recorded in a computer (Zenith Data System). The interfacing program o f the lock-in 
amplifier and the Zenith computer is included in Appendix D.
7.4 Experimental Measurements
7.4.1  Testing o f the Measurement System
In order to check the alignment o f the optics, the measurement system was 
tested by measuring the scattering fluxes as a function of the scattering angle 6  in W  
and HH polarization orientations using nitrogen gas flowing through the burner.
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .
154
The differential cross sections o f anisotropic molecules (such as diatomic 
molecules) in the VV, HH, HV, and VH polarization orientations are given by Rudder 
and Bach (1968):
where m is the refractive index o f the gas molecules, /?*v is the depolarization ratio of 
the molecules, and N0 is the number density o f the gas molecules. It is noted that Cw is 
independent o f  scattering angle 0 that is the characteristics o f Rayleigh scattering.
For nitrogen, the depolarization ratio RhV = (0.590 ± 0.03) x 10' 2  is given by 
Rudder and Buch (1968). Thus, according to equation (7.4.1), at wave length 488 nm, 
Cw = 2.3 x 10‘ 8 cm2s r '.
The experimental results for Cw(0) and C**(0) normalized with respect to 
Cw(90o) are shown in figure 7.4.1 along with the results calculated by equations (7.4.1) 
- (7.4.3). It is to be pointed out that for the scattering angle smaller or larger than 90° the 
detector views a scattering volume greater by a factor o f 1/sin 0  than the one at 90°. The 
presented results in figure 7.4.1 are corrected for this sin 0  dependence. It is found that, 
for Cw, the experimental results agree very well with the theoretical results at all 
scattering angles. However, for Chh, the experimental results agree well with the 
theoretical results only when the scattering angles are less than 60° or greater than 1 2 0 °. 
For the scattering angles within 60° and 120°, the scattering signals at HH orientation
4;r2(m — l ) 2 f  3 (7.4.1)
CM = C wl( l- /? Av)cos20  + * J (7.4.2)
(7.4.3)
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Figure 7.4.1 Theoretical and experimental scattering cross sections vs scattering angle 
for nitrogen molecules normalized with respect to 90 .
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are very weak. The poor signal noise ratio within this range makes it difficult to obtain 
reliable results.
The ratio of differential scattering cross sections o f  methane to nitrogen in the 
W  polarization orientation is also measured in order to check the effect o f stray light 
on the scattering signals. The existence of stray light will tend to decrease the ratio of 
differential scattering cross sections o f methane to nitrogen. For methane, Cn. = 5.11 x 
10' 8 cm2 sr'' is calculated from equation (7.4.1) at wave length 488 nm. The theoretical 
ratio o f  methane to nitrogen in the W  direction is therefore 2.22. In experiments, the 
measured results are ranged from 2.16 to 2.19, which are very close to the theoretical 
ratio.
7.4.2 Thermophoretic Sampling Results
The aggregates samples extracted from the Fe(CO ) 5  seeded CO flame using 
thermophoretic sampling are viewed under transmission electron microscope (TEM, 
JEOL-IOOCX) located in Department of Life Science, LSU. The micrographs are taken 
at locations near the center o f  the grid to ensure that the samples are representative of 
the position in the flame. Figure 7.4.2 -  7.4.5 show the typical micrographs o f  the 
aggregate samples taken at different positions with height ranged from 40 to 55 mm 
above burner in Fe(CO)s seeded CO flame. For all the experiments, CO flow rate is set 
at 0.35 slpm and CO carrier flow rate is set at 30 mlpm.
The TEM micrographs are scanned as 256 grayscale images at resolution 150 
dpi and saved as uncompressed tagged image format (TIF) files. Then the TIF files are 
loaded into the public domain Scion Image software developed by the U. S. National 
Institute o f Health (http://rsb.info.nih.gov/scion-image). Through a density-slicing process,







Figure 7.4.2 Chain-like aggregates extracted from the height above burner 
o f 40 mm (magnification: 26k).




Figure 7.4.3 Chain-like aggregates extracted from the height above burner 
o f 45 mm (magnification: 26k).
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Figure 7.4.4 Chain-like aggregates extracted from the height above burner 
o f 50 mm (magnification: 26k).








Figure 7.4.5 Chain-like aggregates extracted from the height above burner 
o f 55 mm (magnification: 26k).
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Scion Image distinguishes the aggregates and the background based on the brightness 
values of each pixel. Then through a command called Particles Analyze, Scion Image 
outlines and labels each aggregate. Knowing the magnification and resolution o f  the 
images, the pixel/nm scale factor can be calculated and should be used as input into 
Scion Image before using the command named Measure. For example, a TIF image 
with resolution o f 150 dpi from a micrograph with magnification o f 26000 have scale 
factor o f 0.154 pixel/nm, which means that every 0.154 pixel o f the image is equivalent 
to 1 nm. Using the command Measure, Scion image will calculate the projected area of 
each aggregate as well as the total projected area o f all aggregates. Manually counting 
the total number o f primary particles o f all aggregates in a micrograph, the average 
diameter of primary particles can be obtained by:
where A, is the total projected area of aggregates and Nt is the total number o f  primary 
particles in the micrograph.
It is found that the average diameters o f primary particles obtained by the 
method described above have very good repeatability. The standard deviation o f 
average diameters determined from five micrographs is usually less than 3 nm. 
Originally, attempt was made to determine the average number of primary particles per 
agglomerate. However, it was found that the length o f  chain-like aggregates strongly 
depend on the duration o f sampling time which is the time of sampling probe staying in 
the flames. Also the results from different sampling grids but the same flame condition 
were not consistent. It seems that the coagulation process o f chain-like aggregates is 
interfered by sampling process, which is a disadvantage o f  ex situ method as discussed
(7.4.4)
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in chapter 1. On the other hand, the sampling process shows no obvious impact on the 
sizes o f primary particles. Therefore, no quantitative analysis was presented on the 
average number o f  primary particles per agglomerate.
The average diameters o f the primary particles for aggregates extracted from 
different position o f  the flames are shown in table 7.4.1. It is found that, for Fe(CO ) 5  
seeded CO flame with CO flow rate o f 0.35 slpm and CO carrier flow rate o f  0.30 
mlpm, the average diameters o f primary particles do not show significant difference at 
the positions higher than 40 mm above burner. On the other hand, as the sampling 
height increases, more and more long chain are visible from the TEM pictures shown in 
figures 7.4.2 -  7.4.5. These results indicate that, at the position higher than 40 mm 
above burner, there are still coagulation happens among aggregates in the flames, but no 
significant growth o f  the sizes o f primary particles.




Average diameter by TEM 
analysis (nm)
55 49.4 ± 2
50 48.0 ± 2
45 47.6 ± 3
40 50.0 ± 2
7.4.3 Classical Light Scattering Measurements
The quantities in classical light scattering measurements include 
scattering/extinction ratio ATwe(0), dissymmetry ratio at W  direction Rv/0),
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dissymmetry ratio at HH  direction Rhm(0), depolarization ratio Rhv(0), and reciprocity 
ratio / A v ( 0 ) / / v a ( 0 ) .
The scattering/extinction ratio Kwe(0) is defined as
= (7.4.5)
where Cn(0) is differential scattering coefficient at scattering angle 0 and Cat is 
extinction coefficient.
The extinction coefficients are determined by measuring the transmission o f the 
laser through the length o f optical path in the flames. The extinction coefficient is 
related to the transmission ratio, r, and the length o f optical path, L, by the following 
relation:
K a t = ~ ln ( T )  (7.4.6)
where the transmission ratio is defined as the ratio o f the intensity, /, o f the laser beam 
passed through the flame to the intensity without flame, Io-
An internal calibration procedure (Charalampopoulos and Chang, 1988) was 
used to measure the differential scattering coefficients at scattering angle 0. First the 
scattering intensity from methane was measured and then, under identical optical and 
electronic conditions, the scattering intensity for the flame was measured. The 
differential scattering coefficient for the flame is then given by
(7.4.7)
w  'P ) * m c th a m e
The quantities on the right hand side o f equation (7.4.7) can be determined since 
Cw.methane is known from equation (7.4.1).
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The dissymmetry ratio at W  and HH  directions are defined as
R (0) = ------------   (7.4.8)
7^(180 — 0)
Rhh (0) = ------------   (7.4.9)
^**(180 — 0 )
and the depolarization ratio at HV  direction is defined as
r  (0) = L z& ±  (7 .4 .1 0 )
*
The measured scattering/extinction ratio 7Cwe(90°), dissymmetry ratio Rxv(200), 
dissymmetry ratio Rf,h(50°), depolarization ratio Rhv(900), and reciprocity ratio 
7av(90°)/7va(90°) at different heights above burner for Fe(CO) 5  seeded CO diffusion 
flame with CO flow rate o f 0.35 slpm and CO carrier flow rate o f 30 mlpm are given in 
table 7.4.2. Each measurement result represents average o f five different runs and in 
each run 200 points were measured. After every five runs the inside surface o f the 
burner had to be cleaned due to the visible deposit o f aggregates. Otherwise the flame 
will begin to flicker and therefore result in large uncertainties in measurement results.
Table 7.4.2. The measurement results
Height
(mm)
ATwe(90 ) (sr ) /?w(30 ) Rhh( 60°) R U  90°) Ihv(90 )/ IVh(90 )
40 1.60e-2 ± 4.9% 1.16 ± 1.3% 1.09 ±2.2% 2.73e-3 ± 4.6% 1.02 ±5.7%
45 2.01e-2 ±4.5% 1.66 ±1.5% 1.20 ± 2.7% 1.02e-2± 5.4% 1.03 ±5.6%
50 2.44e-2 ±4.4% 1.84 ±1.9% 1.19 ± 3.9% 1.44e-2±2.8% 0.97 ±4.0%
55 2.48e-2 ±4.2% 2 . 2 0  ± 1 .0 % 1.09 ± 2.9% 1.90e-2± 3.1% 1.10 ±2.5%
The purpose to measure the reciprocity ratio 7*v(0)//v/i(O) is to check whether the 
chain-like aggregates generated in Fe(CO) 5  seeded CO flame are randomly orientated.
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From table 7.4.2, it is found that the reciprocity ratio is unity to within 10 percent. 
Therefore, the aggregates in the flames can be considered to be randomly oriented.
7.4.4 Data Inversion and Discussion
The data inversion uncertainty analysis in chapter 5 shows that the inversion 
uncertainties are not sensitive to the measurement angles of Kwe and Rhv but very 
sensitive to the change o f measurement angles o f dissymmetry ratio Rm and Rhh- In this 
study, 90° was chosen to make the measurements o f scattering/extinction ratio Kne and 
depolarization ratio Rhv 30° was used to measure the dissymmetry ratio R w because the 
inversion uncertainty analysis shows that the optimal angles for Rm are within 15° ~ 30°. 
The data inversion uncertainty analysis shows that the optimal angles for Rhh are within 
70° ~ 85°. Unfortunately, the scattering intensity hh at the angles within this range is 
very weak (with the order o f 1 0 ' 2 of/w) which results in high measurement uncertainty. 
Another concern stems from the fact that the comparison o f LC solution with the exact 
T-matrix method indicates large difference (about 10%) o f hh at the angles within this 
range. As a tradeoff, in this study, 60° was chosen to make the measurement of the 
dissymmetry ratio Rhh-
The data inversion results o f the refractive index, size parameter, and number o f 
primary particles per agglomerate are shown in table 7.4.3. It is found that size 
parameter x  agrees very well with the results by TEM. The number o f primary particles 
per agglomerate increases as the position in the flame increases as we expected. 
However, the refractive index has large difference with ex situ result (m = 1.64 + 0.3 i) 
measured by Stagg (1992) especially for the real part o f the refractive index. The 
difference may be generated by the following reasons: (a) in situ measurements and ex
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situ measurements are conducted at different conditions as discussed in chapter I; (b) 
the aggregates generated in Fe(CO) 5  seeded CO flame are not exactly straight chains. 
Assuming straight chains in data inversion model could result in errors; (c) in this study 
the effect o f polydispersity of the sizes o f  primary particles was not considered because 
the information on polarization ratio /V  = •/w»(85°)//vv(850) is not reliable theoretically 
and experimentally at this moment. However, with reference to the results of dynamic 
light scattering measurements in chapter 8 , the distribution width o f the sizes o f primary 
particles is about 0.19 which is narrow. The effect o f polydispersity o f the sizes o f  
primary particles could not be a main factor o f error based on the results of chapter 5; 
(d) the existence o f  large amount o f  single particles (as high as 50% in total number o f  
aggregates as shown in TEM pictures) in the flames may results in data inversion errors. 
These single spherical particles will not contribute to the measurement o f IhV because hv  
= 0  for single spherical particles, but they will contribute to the measurement o f Iw and 
//,/,. Thus the depolarization ratio may be underestimated.
Table 7.4.3. The data inversion results o f the refractive index, size parameter, and 
number o f primary particles per agglomerates.
Height
(mm)
n K X Np X
by TEM
40 1.81 ± 15.6% 0.22 ± 24.85 0.35 ±25.4% 3 ±23.5% 0.32
45 1.83 ± 12.1% 0.19 ± 17.4% 0.33 ± 19.7% 5±  13.1% 0.31
50 1.94 ±9.6% 0.19 ± 15.9% 0.31 ± 14.2% 6 ± 10.3% 0.31
55 1.98 ±4.2% 0 . 2 0  ± 1 2 .2 % 0.31 ± 11.5% 7±  11.4% 0.32
The data inversion results o f the number density and volume fraction o f 
agglomerates are shown in table 7.4.4. It is found that the number density o f 
agglomerates decrease but the volume fraction o f agglomerates is almost constant as the
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height increases. These results indicate that for locations higher than 40 mm, the growth 
o f agglomerates in length is mainly due to the coagulation o f small aggregates which is 
consistent with the observation of TEM micrographs.
Table 7.4.4. The data inversion results o f  the number density and volume fraction of the 
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CHAPTER 8. CHARACTERIZATION OF CHAIN-LIKE AGGREGATES BY 
DYNAMIC LIGHT SCATTERING MEASUREMENTS
8.1 Introduction
In this chapter, Dynamic light scattering (DLS) measurements has been carried 
out in iron pentacarbonyl (Fe(CO)s) seeded CO laminar diffusion flames in which the 
morphology o f the aggregates is controlled to be in the form o f straight chains. 
Conventional DLS flame studies can only yield two size parameters, usually the most 
probable diameter and the geometric distribution width, whereas the anisotropy o f 
agglomerates is typically neglected.
In this chapter, a new method is developed in which polarized DLS and 
depolarized DLS are combined to determine three agglomerate parameters, namely, the 
aspect ratio (the length o f agglomerate divided by the mean diameter o f primary 
particles), the model value of diameter, and the geometric distribution width. The 
method o f cumulants has been used to analyze the correlation functions o f polarized and 
depolarized DLS.
The theoretical framework o f  this method and the experimental apparatus have 
been established by Waguespack (1997). However, in his experiments, the negative 
values o f the second cumulant were obtained which prevented him from any further 
analytical investigations. In this chapter, the formulations required for data analysis are 
derived based on the original work o f  Waguespack (1997). The reason why the second 
cumulants become negative is analyzed. DLS measurements have been carried out and 
the size parameters o f the chain-like aggregates have been inferred from the analysis o f 
experimental results.
168
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8.2 Theory
In classical light scattering method, the average intensity o f light scattered from 
agglomerates is detected. In dynamic light scattering method, it is the fluctuation o f the 
light scattered from agglomerates that is measured. The temporal intensity fluctuation of
Since the diflusional motion o f aggregates depends on their size and shape, information 
may be obtained about the size parameters and the morphology o f  the aggregates by 
studying fluctuations o f the scattered light associated with their diflusional motion.
In a homodyne experiment, typically the intensity correlation function C(t) is 
measured. C(t) is related to electric field correlation function g (1)(f) by (Beme and 
Pecora, 1976)
where <n> is the average number o f photon count, s(A) is a spatial coherence factor,
can be expressed in the following forms for W  and HV detection when the Guassian 
factor is neglected (Beme and Pecora, 1976):
where <N> is the average number o f agglomerates, a  and p are the isotropic and 
anisotropic parts o f the polarizability tensor o f agglomerate, D  and 0  are translation
scattered light from the agglomerates in a flame is a result o f their diflusional motion.
(8.2 .1)
and |g (,)(/)| is the amplitude of the first order electric field correlation function, which
S w ( 0  = < N >  [ | « | 2 + ± | / f  exp(-6<9r)]exp(-<7 2 D t) ,
g* ( 0  =  Ts < N > W2 e x P ( - * 2jD' "  6 6 > )  •
(8.2.2)
(8.2.3)
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and rotation coefficients respectively, and q is the magnitude o f the scattering wave 
vector which may be expressed as
where, mo is the refractive index o f medium, X is the wavelength of incident light, and 
0  is the light scattering or measurement angle.
In the model of dynamic light scattering (Waguespack, 1997), the straight chain 
agglomerate is approximated as volume-equivalent prolate ellipsoid with semiaxes a 
and r as illustrated in figure 8.2.1. Within this approximation, the long semiaxis a is 
equal to half of the chain agglomerate’s length / and the short semiaxes r (the radius of 
prolate spheroid) are equal to the radius o f the primary particles o f  chain-like 
aggregates. Thus the aspect ratio of the agglomerate is defined as a/r or l/2r.
Figure 8.2.1 Illustration of the prolate spheroid.
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Define the linewidth of translational diffusion as Tr = q 2D  and that of 
rotational diffusion as T* = 6 0  and consider the effect o f  polydispersity o f the 
agglomerates, equations (8.2.2) and (8.2.3) can be expressed as:
g " ( 0  =<N>  j[ ( |a |2 exP ( - r y )]exp(—r Tt ) / ( r )d r , (8.2.4)
0
g ^ =  ]i/?| ; exp( - r rl - ,  (8.2.5)
^  0
where r is the radius o f prolate spheroids and f(r) is its probability distribution function 
(PDF), which is usually expressed by zero order lognormal distribution (ZOLD) 
function and given by
f  In2 c'j
r [ta(Wr„)]! l
exp
/ ( r )  = - = — exp
V2 /rr_ mcr 2(lncr)2
where rm is the most possible value o f  radius and a  is the distribution width.
For the agglomerates generated in flames, the polydispersity could exist in the 
diameter o f primary particle as well as the aspect ratio (the number o f  primary particles 
for straight chains). During the investigations of the effect o f polydispersity of 
agglomerates on light scattering quantities, we found that the polydispersity o f the 
diameter o f primary particles has stronger effect than that o f  aspect ratio. Thus, we 
assume that the agglomerates in the combustion flame consist o f  prolate spheroid with 
uniform aspect ratio but polydisperse radius as shown in figure 8.2.2. Substituting 
equations (8.2.5) and (8.2.6) into equation (8.2.1) gives
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
172
2r2
= = = " - J o .
2 r, 2 r2 2r3 2r„
Figure 8.2.2 Prolate spheroids with uniform aspect ratio but polydisperse 
radius.
1 + *G4)
)[<H 2 ^  exP (-r *0]ex p (-rTt) f( r )d r
J (H 2 + - ^ W 2V (r)d r
} , (8.2.7)
and
ChM  = B
J l^ f  e x p ( - r n / - r Rt)f(r )d r
I 2
p \ 2f{ r )d r
(8.2 .8)
where B is the baseline o f the measured correlation function.
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As shown by Waguespack (Waguespack, 1997), in equation (8.2.7), the term
4 "»
— 1/?|‘ exp(-r*/) can actually be neglected because the correlation function o f W
detection is not coupled with the HV detection in the flame.
So equation (8.2.7) can be rewritten as
CnXO = B l + s(/f)
00 , T
H  exP(_ r rO f(r)d r
(8.2.9)
On the other hand, the measured correlation function is related to the 
distribution of the diffusion coefficients by the relation (Taylor et al., 1985)
C(/) =<n> l + s(/f) $ G (r )e x p ( -n )d r (8.2 .10)
Comparing equations (8.2.8)-(8.2.9) and (8.2.10), the relation between the 
distribution function o f linewidth and the distribution function o f  particle size 
parameters may be obtained for W  direction as
I 12 r t  \  d rM /('*)-d r T
V W r
(8.2 .11)
and for HV direction as
Gv*(rr + r . )  =
dr
d ( r T+ r R)
§P\2f{ r )d r
(8.2 .12)
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For prolate spheroid, the isotropic and anisotropic parts o f the polarizability 
tensor, a  and P, are given by Van De Hult (1981)
where




_/,(m — 1) /2(m -1 ) + 1
_/,(m — 1) / 2(/n —1) +  1_
/ = 1 ^ -  





and m is the complex refractive index o f  the particles, / the length o f  major axis of 
prolate spheroid, r  the radius o f the spheroid, and I H r  the aspect ratio o f  the spheroid. 
Substituting equations (8.2.13) and (8.2.14) into (8.2.11) and (8.2.12) yields
6 v drr fir)
tfw (rr ) =
drT
(8.2.15)
r 6f( r )d r
r ' f i r )
dr
Ghv{ r T + r R) = d i r T + r R)
\ r 6 f ( r  )dr
(8.2.16)
where the term C(l/2r) is defined as
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( « r - i ) ( / ,  + 2 / ,)+ 3 |:
|(mJ -IX /, + 2 /,)+ 3 |’ + - ( I ,  - I , ) 2 m 2 - i f  
and depends on the aspect ratio and refractive index o f the particle. Furthermore, as may
be seen from figure 8.2.3 that *s approximately equal to 1 for the aspect ratio,
1 < —  < 10, and refractive index, (1.5+0.5i) < m <  (1.7+0.7i).
2 r
Defining the mean value and variance o f linewidth for the translational diffusion 
coefficient as
oo
r  = f r G ( r ) d r  (8.2.17)
0
6  = T-r Z P - G ( r ) d r  (8.2.18)
0 r '
and substituting equations (8.2.15)-(8.2.16) into equations (8.2.17)-(8.2.18), the relation 
between the size parameters and T and Q is obtained
ao_ \rbr Tf(r)dr
r T= ^ --------------  (8.2.19)
j r 6f( r )d r
0
] r \ r T- T T)2f(r)dr
Qr = ° _  . ----------------  (8-2 20)
r T’ f r ‘f ( r )d r













Figure 8.2.3 C(//2r) as a function o f refractive index and aspect ratio o f prolate 
spheroid.
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Jrs ( /> + / - »  )/(r)</r 
rT+T,=rT + r , = ? — -----------------  (8.2.21)
//-‘/('•Mr
0
Subtracting equation (8.2.19) from equation (8.2.21) yields 
_  ] r ‘ r , f ( r ) d r
r ,  = f ; --------------  (8 .2 .2 2 )
f r ‘/ ( r ) d r
0
For prolate spheroid, the relations between linewidths and translational or 
rotational coefficients are given by Beme and Pecora (1976)
r T = q 'D TC, = q 1 pG( p) Cs (8.2.23)
OTTTja
„  9 k bTr a = 6& =  * 3
TCTja
(2 — p)G (p) — 1 (8.2.24)
1 - P *
where kB is the Boltzmann’s constant, T  is the gas temperature at the measurement 
point, tj is dynamic viscosity, a is the particle diameter, p  is inverse o f the aspect ratio, 
G(p) has the form given by (Beme and Pecora, 1976)
i+ a / i - p 1 'G (p) = ~ i= = r  In
V 1 - / 7*
f  | + , / l  -  n 1
(8.2.25)
and Cs is the Cunningham correction factor, which can be estimated from the 
empirical relation (Flower, 1983)
C ,=  1.0 + [0.864 + 0.29e x p (-1 .25^ /  Xg )]A.g / r^ (8.2.26)
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In this equation, Xg is the mean free path o f gas molecules and is the spherical 
equivalent radius o f spheroids, which is given by
V  (*-2-27>
Substituting equations (8.2.23)-(8.2.24) and (8.2.6) into equations (8.2.19)- 
(8.2.20) and (8.2.22), the average translational decay rate is obtained
C,pG(p) 13 2 0-864/1
r T = —----------e x p f— —<r2) + -------- —C .p 3 G (p )exp (-12a  )
1 r 2 r  1m m
4







The factor of polydispersity may be expressed as
^  _ P 2G \ p )
Q t ~ r T
^y-exp(-12<x2) + 2.648 — 3—-  exp(- 16.5<y2)
C - n l A





f  \ 1 
In — 
v r« j  
2a-
dr
1.022C2C,2p 3^ 2 j r 2 exp -0.876-
K p -
(  N2 
In — 
v f. y  
2tr2
dr
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2 ao
+ 0.171C2C ,V V  Jr3exP -1-752—̂ x V  t/r 1 -1 .0  (8.2.29)T —2 v2cr





J l i t  o r1 exp(24.5<x2)
Thus, once we are able to extract Tr and QT from polarized dynamic light 
scattering measurement in VV direction and extract T* from depolarized dynamic light
scattering measurement, three unknowns, rm, a ,  and —  can be deduced form
2 r
equations (8.2.28)-(8.2.30). Equations (8.2.28)-(8.2.30) are solved simultaneously to 
determine the three unknowns using an iteration scheme. The integral parts o f  these 
equations are numerically evaluated using Simpson’s rule.
8.3 Experimental Apparatus
The experimental apparatus consists o f a burner system for generating the chain­
like agglomerates and a light scattering spectrometer designed to control, detect, and 
analyze laser light scattered from the flame. The details o f  the burner system are given 
in chapter 7. The light scattering spectrometer described in chapter 7 for classical light
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scattering measurement can be converted conveniently to a system for dynamics light 
scattering measurements.
The schematic diagram o f  the optical system for dynamic light scattering 
measurement is illustrated in figure 8.3.1. In this system an argon ion laser (Spectra- 
Physics, Model 2085A-20) is used as the light source. The laser beam is directed 
through a BK7 glass plano-convex focusing lens LI (Melles Griot, f  = 400 mm), a 
diaphragm, and a polarizer PI (Karl Lambrecht, Model DCGF, extinction ratio to 10'*) 
into a focus point in the center o f the flame. The polarization state o f the incident beam 
is set to be vertical direction. The light scattered at a scattering angle 0 from the 
direction o f the incident beam is polarized by another polarizer P2 (either in the vertical 
plane for vertical-vertical polarization orientation detection or in the horizontal plane 
for horizontal-vertical polarization orientation detection). After emerging from the 
polarizer, the scattered light passes through a collection lens L2 (Oriel 41365, f  = 150 
mm), a laser line filter (Ealing 35-8366) and a variable aperture. A photomultiplier tube 
(Thom EMI 9863B/350), whose photo cathode is immediately behind the aperture, 
converts the photons into current pulses, which are subsequently discriminated from 
low level noise by a preamplifier-discriminator PAD (Brookhaven, Model BIC 10056). 
The PAD’s output pulses are then sent to a digital correlator (Brookhaven, Model BI- 
9000AT), which generates the following correlation function:
= ; j  = 1, 2, 3 ,..., M (8.3.1)
A ,-=I
where n, and /i,_y are the respective numbers of the photon pulses received at correlator 
inputs A and B during times At cented at times t, and tr Tj (with t) being the jth  delay





Li, L2 ,: Lens 
Pi, P2 : Polarizer 






Figure 8.3.1 Schematic diagram of optical measurement system for dynamic 
light scattering.
time), N  is the number o f products in the summation, and M  is the total number of 
correlator channels.
8. 4 Results and Discussions
8.4.1 Determination of Tr and Qr from Experimental Measurements
The experimental correlation function may be fit in the following form
C(/) = B[ 1 + k0 exp(-2kxt + k2t 2)\ (8.4.1)
where B is the base line o f the measured correlation function, ko, ki, and £ 2  are constants 
which can be determined from measured correlation function by least square method.
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On the other hand, using the method of cumulants, the theoretical correlation 
function may be expanded as
C(/) =< N  > [1 + f ( A )  exp(-2H + Q T2t 2)] (8.4.2)
Comparing equations (8.4.1) and (8.4.2), we can get
= T  (8.4.3)
k2 = QT2 (8.4.4)
Usually ki ( o r r ) and k2 (or Q T2) are called the first and second order cumulant 
respectively. Equation (8.4.4) shows that k2 should always be positive when the 
agglomerates are polydisperse or zero when the agglomerates are monodisperse. 
However, it is found that, in our experiments, k2 turns out to be negative for certain 
experimental conditions. Negative k2 does not have any physical meaning. Getting 
negative k2 prevented Waguespack (1997) from doing any further analytical 
investigations on the size and morphology of agglomerates in seeded combustion 
flames by DLS method.
In this respect, it should be noted that in developing equation (8.2.2), the
V 2
Gaussian factor, which is defined as —-  (V  is the vertical moving velocity o f particles
w
and w is the waist the Gaussian beam of laser at the measurement point), has been 
neglected because it is assumed to be very small comparing with the diffusion term. 
Next analysis of experimental results will show that this is not true for the current 
combustion flame and the Gaussian factor may be responsible for the negative values of
k2.
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With the Gaussian factor included, equation (8.2.2) becomes (Waguespack,
1997)
? " ’« )  = < w >  [|« |! exp(-6ei)]exp(-9 !D » - ^ - r )  (8.4.5)
45 w
where V  is the vertical moving velocity o f particles and w  is the waist the Gaussian 
beam o f laser at the measurement point.
Also equation (8.4.2) becomes
— —2 V 2
C(t) =< N  > [1 + /( /l)ex p (—217 + QT t 2 -  — t 2)] (8.4.6)
w
Therefore, equation (8.4.4) take s the following form:
— 2 V 2 , V 2k2= Q r  T = Q k2 - V—  (8.4.7)
W‘ w
V 2
From the above equation, it is found that if the Guassian term —-  is so small
w
that it can be neglected, k2 is the desired second cumulant. However, if  the Guassian
V 2term —-  is large compared with Qk2 , the values of k2 obtained from curve fitting o f
w
measured correlation function is actually a combined result o f second order cumulant
V 2
and the Guassian term. Once —-  is larger than Qk2 ,  k2 may become negative.
w
In order to show that the Gaussian factor does have an effect on the 
measurement o f second order cumulant and determine the value of second order
cumulant Qk2 , experiments are conducted at different measurement angles noting the 
fact that the Gaussian factor and polydispersity factor Q are independent o f light 
scattering measurement angles.
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As shown in Table 8.4.1, the experimental results o f  k x{0) and k2(0) at 
different measurement angles. It is noted that at small measurement angles (0  < 22.5°), 
k 2(0) is negative. As 0 is increased to 25°, k2(0) becomes positive. The relation o f 
k x(0) and k 2(0) is shown in figure 8.4.1. Figure 8.4.1 shows that k2(0) is a very 
good linear function o f k x{0), which is what we expect to obtain from equation (8.4.7).
However, it is important to note that when kx 2 (0) approaches zero, k2 (0) is not equal 
to zero instead takes a very large negative value. Next we will show that this value is 
the value o f Guassian term.
Table 8.4.1 Experimental results o f  k / and k2 at different measurement angles







Equation (8.4.7) shows that Guassian factor is a function o f V, the vertical 
moving velocity o f  particles and w, the waist o f the Gaussian beam at focal point. From 
Guassian optics, the focused beam waist is given by Chowdhury et al. (1984)
w — ———f  (8.4.8)
n o  o
where, f  is the lens focal length, and wo is the spot size o f  the incident Guassian beam. 
In our experimental set-up, passing through the focusing lens, the incident laser beam is 
cut by a diaphragm. Usually the size o f  the diaphragm is set smaller than the diameter











0.0 8.0e+9 1.0e+10 1.2e+102.0e+9 6.0e+9
k 2
Figure 8.4.1 Experimental dependence o f the second order cumulant k2(0)on  the 
square of the first order cumulant kx (0) .
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of incident laser beam. Therefore, wo can be roughly approximated as half o f the 
diameter o f the diaphragm (Waguespack, 1997)
(8 -4 -9>
Substitute equations (8.4.8) and (8.4.9) into (8.4.7) yields
~ Q K  ~ ~^T7i D\ (8.4.10)
Equation (8.4.10) implies that k.2 is a linear function of Di2. Experiments are 
conducted at 55 mm height above burner at 0  = 15°. Various diaphragm diameters Di 
ranging from 3.18 mm to 5.16 mm are used. Measured A; as a function o f Dj2 is plotted 
in figure 8.4.2. It is found that as predicted by equation (8.4.10), varies linearly with 
D |2. As a check o f experimental results, the experimental dependence o f kt on the 
square o f diameter o f aperture £>/ is shown in figure 8.4.3. Figure 8.4.3 shows that the 
first cumulant is not dependent on the size o f aperture.
The above experimental results show that Gaussian factor can not be neglected 
in extracting second order cumulant (or variance of first order cumulant) from the 
correlation functions if dynamic light scattering measurements are conducted in the 
seeded combustion flame. First order cumulant is a function of measurement angle and 
gaussian factor is a function of diaphragm size. At small measurement angles or when 
large size diaphragm is set, the first order cumulant could become so small that the 
effect of Gaussian factor becomes dominant and therefore kz turns out to be negative 
according to equation (8.4.10). From our experimental results we conclude that only 
Gaussian factor is responsible for the negativity o f kz.









16 26 2810 12 14 18 20 22 248
D,2 (mm2)
Figure 8.4.2 Experimental dependence o f  the second order cumulant k 2 (6) on the 
square of the diameter o f  aperture Di.
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Figure 8.4.3 Experimental dependence o f the first order cumulant (0) on the square o f  
the diameter o f aperture Dj.
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The similar linear relations between k2 and Dj2 had been obtained by 
Waguespack (1997). However, Waguespack tried to determine the second order 
cumulant by extrapolating the data to Di2=0. This is not correct because at Dj=0, 
according to equation (8.4.8), w will increase to infinity which is impossible in reality 
and therefore equation (8.4.8) may not be valid at Di2 = 0. So it is not surprising that 
Waguespack still could not get positive second order cumulant by extrapolating the 
experimental results to Di2 = 0.
In order to obtain the second order cumulant, we conduct polarized dynamic 
light scattering measurement at two different measurement angles. At each 
measurement angle, we can get ki and k2 from the analysis o f correlation functions. 
From equation (8.4.10), we have
= (8-4.11)
Vt’
k2(02) = Q k ? ( 0 , ) ~  (8.4.12)
w~
Subtracting equation (8.4.12) from (8.4.11) yields
Q =  * 2 ( ? i ) - * 2 ( * 2 )  (8.4.13)
k\ (#,) ~ k? {02)
which is the variance of the first order cumulant. Substituting equation (8.4.13) back 
into either equation (8.4.11) or (8.4.12) will obtain the value o f the Gaussian factor.
8.4.2 Experimental Results of DLS and Discussion
DLS measurements were made at different height o f the flame for CO flow rate
0.35 I pm, carrier flow rate of Fe(CO)s 30 mlpm. The measurements are performed at
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scattering angle 10° and 15° respectively. The experimental results are shown in table
8.4.2





k,(10°) k,(15°) k2(10°) k2(15°) ^ ( l O 0)
60 17560+ 1.7% 37230 ±1.5% -1.11E9±2.7% -9.78E8± 3.6% 1.248E6± 5.3%
55 19400 ±1.0% 41740±2.4% -1.07E9±2.8% -8.98E8 ± 4.5% 1.374E6± 7.1%
50 21620 ± 1.4% 46370 ± 1.9% -1.01E9±2.0% -8.08E8±3.7% 1.765E6± 8.3%
45 24310 ± 1.6% 52600 ±1.9% -9.60E8± 3.1% -6.78E8 ± 4.4% 2.004E6± 8.1%
40 27880 ±1.8% 58770 ± 1.7% -8.97E8± 3.3% -5.60E8± 8.9% 2.742E6± 9.8%
35 33440 ±2.4% 70900 ±2.8% -8.11E8±6.2% -3.6E8± 19.4% /
30 42860 ±2.1% 92200 ±1.1% -6.33E8± 9.5% 1.15E8±69.8% /
The translation diffusion coefficients at different height above burner are shown 
in figure 8.4.4. It is found that the translation diffusion coefficients decrease as the 
height above the burner increases.
Figure 8.4.5 shows the polydispersity factors at different height above burner. 
The polydispersity factors change in a narrow range from 0.11 to 0.13 at different 
height above burner.
The rotational diffusion coefficients at different heights above burner are shown 
in figure 8.4.6. The depolarized correlation functions at heights lower than 35 mm 
above burner can not be measured reliably because the decay o f the correlation function 
is so fast. Thus the rotational diffusion coefficients at heights lower than 35 mm above 
burner are not available.
The experimental results presented above are then analyzed using the method 
described in section 2. The data inversion results on the information o f the aspect ratios,
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Figure 8.4.4 Translational diffusion coefficients at different height above burner.
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Figure 8.4.5 Polydispersity factors at different height above burner.
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Figure 8.4.6 Rotational diffusion coefficients at different heights above burner.
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the model values o f the diameter, dm, and the distribution widths, <r, o f  the chain-like 
aggregates are presented in table 8.4.3. As a comparison, ex situ results obtained from 
TEM analysis o f aggregates samples extracted with a sampling probe are also presented 
in the same table. It is found that the average diameters measured by DLS agree very 
well with those measured by ex situ method (with differences less than 12 percent). 
However, the aspect ratios of the aggregates measured by DLS are small compared with 
the CLS results shown in chapter 7 as well as the results reported by Zhang and 
Charalampopoulos (1995). The most possible reason for these differences is the use of 
equivalent prolate spheroid model. As stated in section 2, in the modeling o f dynamic 
and scattering characteristics o f aggregates in the flames, the chain-like agglomerates 
are approximated as volume equivalent prolate spheroid, which is not a good 
approximation and may cause errors to the data inversion results. The inclusion o f the 
exact Lou and Charalampopoulos solution for light scattering into the model o f dynamic 
light scattering could be a good topic for future work.











60 49 ± 5 0.18 ±0.03 3.5 ±0.2 51 ± 5 /
55 45 ± 4 0.18 ±0.03 3.5 ±0.3 47 ± 4 49 ± 2
50 43 ±3 0.18 ±0.02 3.3 ±0.3 45 ± 3 48 ± 2
45 40 ±3 0.18 ±0.02 3.2 ±0.3 42 ± 3 48 ± 3
40 43 ±3 0.18 ±0.02 2.7 ±0.3 46 ± 3 50 ± 2
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CHAPTER 9. CONCLUSIONS AND RECOMMENDATIONS
9.1 Summary and Conclusions
The goal o f this study is to develop robust theoretical and experimental methods 
to characterize the aggregated aerosols from in-situ light scattering measurements. This 
has been partially accomplished for chain-like aggregates generated in iron 
pentacarbonyl seeded CO diffusion flames by utilizing classical light scattering as well 
as dynamic light scattering.
In the context o f classical light scattering, the following have been 
accomplished: (a) The theoretical formulation o f light scattering for agglomerates 
consisting of Rayleigh particles developed by Lou and Charalampopoulos (LC) was 
evaluated through the use o f  reciprocity theorem and by comparison with the exact 
solution such as T-matrix method for aggregates; (b) A new robust criterion for 
determining the suitable number o f orientations for calculating the averages o f 
scattering properties has been introduced; (c) Based on the framework o f LC, a data 
inversion scheme has been developed to infer the optical properties and the 
morphological parameters o f combustion generated chain-like aggregates from classical 
light scattering measurements; (d) This methodology has been extended to incorporate 
the effect of polydispersity o f the aggregates in the data inversion; and (e) Experimental 
investigations in iron pentacarbonyl seeded CO diffusion flames have been performed 
and good agreements with ex situ TEM analysis have been achieved using the data 
inversion scheme.
In the context o f dynamic light scattering, polarized and depolarized dynamic 
light scattering measurements have been conducted and the behavior o f the
195
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experimental results has been analyzed. Moreover, the morphological parameters o f 
chain-like agglomerates have been obtained from the measured diffusion coefficients of 
the agglomerates
More specifically, the results o f this investigation may be summarized as
follows:
1) LC solution satisfies the reciprocity theorem. The violations of reciprocity 
theorem encountered in other solutions can be attributed to (a) incorrect 
formulations for the scattering field, (b) misuse o f averaging equation for 
non-rotationally symmetric agglomerates, and (c) inappropriate number of 
orientations.
2) The reciprocity theorem can serve as a criterion to determine the number o f 
orientations required for calculating the average o f scattering quantities with 
the minimum possible uncertainties.
3) With the typical values of refractive index for agglomerates generated in 
flames (|m-l| = 0.8 ~ 1.2), the LC solution can be used in predicting 
scattering quantities with 5 percent maximum error for x < 0.25, 10 percent 
maximum error for x < 0.35, and 15 percent maximum error for x < 0.42.
4) A data inversion scheme is developed to infer all the optical properties and 
morphological parameters o f combustion generated aggregates from in-situ 
light scattering measurements with the minimum uncertainties. The 
parameters inferred include the complex refractive index o f  the agglomerates 
m = n + ik, the average primary particle diameter dp, the average number o f
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primary particles per agglomerate Np, the number density o f  agglomerates 
nA, and the volume fraction o f agglomerates f v.
5) For linear chain-like aggregates, the pairing set o f dissymmetry ratios Rw 
and Rhh, the depolarization ratio Rmv, and scattering/extinction ratio K^e, is 
recommended to infer n, k, x, and Np when monodispersity is assumed in the 
aggregated aerosols.
6) For chain-like aggregates generated in combustion flames, as the 
polydispersity o f primary particle size increases, the degree o f anisotropy o f 
aggregates decreases. As a result, the depolarization ratio decreases and the 
dissymmetry ratios change in the direction toward unity. The effect o f 
polydispersity o f primary particle size on the light scattering quantities is 
much stronger than that o f polydispersity o f the number o f  primary particles 
per aggregate.
7) For aggregates with polydisperse primary particle size, the assumption o f 
monodipersity tends to underestimate the real and imaginary part o f 
refractive index and the number and primary particles. When the distribution 
width cr is greater than 0.1, the effect o f polydispersity o f the size o f primary 
particles must be considered in the data inversion schemes.
8) For aggregates with polydisperse primary particle number, the assumption o f 
monodispersity tends to underestimate the value o f the real part o f refractive 
index and overestimate the value o f imaginary part o f refractive index and 
primary particle size. For chain-like aggregates generated in seeded
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combustion flames, if  the distribution width is less than 0.6, the effect o f 
polydispersity of primary particle number may be neglected.
9) Using the developed data inversion scheme, the inferred results from 
classical light scattering measurements are in good agreement with the 
results from ex situ TEM analysis.
10) When the method o f  cumulants has been used to analyze the measured 
correlation functions o f polarized dynamic light scattering, the Gaussian 
factor can not be neglected if  the measurements are performed in iron 
pentacarbonyl seeded CO diffusion flames.
9.2 Recommendations for Future Work
In this study, the theoretical and experimental investigations are mainly focused 
on linear chain-like aggregates because they possess the simplest morphology. The final 
goal is to develop robust methods to infer the optical properties and morphological 
parameters o f  randomly branched chains from in situ light scattering measurements. 
Therefore, the recommended future work includes:
1) Develop an analytical expression to calculate the averages o f scattering 
properties. In LC solution, the averages o f scattering properties are carried 
out using numerical integration shown in chapter 3. When the aggregates are 
straight chains, the integration is two dimensional. While the aggregates are 
randomly branched chain, three dimensional integration has to be performed 
which is computationally prohibitive especially for aggregates consisting of 
large number o f primary particles. An analytical expression to calculate the 
averages o f scattering properties had been developed by Singham et al.
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(1986) for DDA solution. In the same fashion, a similar analytical 
expression could be developed for LC solution because DDA solution and 
LC solution both originate from the integral form of Maxwell’s equations.
2) Develop a computer program to generate the randomly branched chains 
which possess the same fractal dimension and morphology as the aggregates 
generated in flames. In this study, a sequential algorithm was used to 
generate the fractal-like randomly branched chains. This method may 
generate randomly branched chains with the right fractal dimension but 
without the self-similarity that is one o f the most important features 
illustrated by the fractal-like aggregates in flames. A numerical method to 
simulate the process o f soot aggregation had been developed by Hayashi et 
al. (1999) which can be used as a reference.
3) Alter finishing item 1 and 2 above, the data inversion scheme developed in 
this study can be extended to fractal-like randomly branched chains. 
Thereafter, experimental investigations can be made to the flames with 
fractal-like randomly branched chains, and finally
4) After completion of item I , the LC solution could be included in the model 
of dynamic light scattering following the methodology demonstrated by 
Waguespack (1997).
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APPENDIX A  
COMPUTER PROGRAM OF DATA INVERSION
The data inversion program, MONOINV_F.f is written in FORTRAN with 
double precision. The details o f  input and output files are described as follows.
In input file:
RefO: the real part o f  refractive index for simulated results.
RimO: the imaginary part of refractive index for simulated results.
AlphaO: the size parameter for simulated results.
NpO: the number o f  primary particles per agglomerate for simulated results. 
Chain: character variable for the choice o f  morphology.
Chain = “S”, straight chain;
Chain = “C”, compact cluster;
Chain = “R”, fractal like randomly branched chain.
Ngc, Ngp, Ngg: numbers o f points o f the numerical integration in equation 
(3.2.3) or (3.2.4).
Err: maximum error using conjugate gradient method to solve linear equations. 
Is: seed for generation o f fractal-like randomly branched chains.
Frakf, fradf: prefactor and fractal dimension in equation (3.3.1).
Cgm: character variable.
If cgm = “Y”, conjugate gradient method will be used to solve linear 
equations;
If cgm = “N”, Gauss-Jordan method will be used to solve linear 
equations.
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Gau: character variable.
If  gau = “Y”, Gaussian quadrature will be used to calculate the 
integration of equation (3.2.1).
If  gau = “N”, equal abscissas will be used to calculate the integration o f 
equation (3.2.1).
Nps: number of aggregates for average.
If chain = “S”, let nps = 1;
If chain = “C”, let nps = 1;
If chain = “R”, let nps = 500.
N il: the measurement angle o f Rw (1 for 0°, 2 for 5°, 3 for 10°,..., 37 for 180°). 
Ni2: the measurement angle o f Rhv (1 for 0°, 2 for 5°, 3 for 10°,..., 37 for 180°). 
Ni3: the measurement angle o f KwC (1 for 0°, 2 for 5°, 3 for 10°,..., 37 for 180°).
Ni4: the measurement angle o f Rhh (1 for 0°, 2 for 5°, 3 for 10°,..., 37 for 180°).
Ref: initial guess of the real part o f refractive index.
Rim: initial guess o f the imaginary part o f refractive index.
Alpha: initial guess of the size parameter.
Rnp: initial guess of the number o f primary particles per agglomerate.
P0, scc(l): simulated or experimental result o f  Rw and its uncertainty.
Q0, scc(2): simulated or experimental result o f Rj,v and its uncertainty.
Y0, scc(3): simulated or experimental result o f Kwe and its uncertainty.
Z0, scc(4): simulated or experimental result o f Rhh and its uncertainty.
Ext: measured result o f the extinction coefficient.
In output file:
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Ref: the inverted result o f the real part of the refractive index.
Rim: the inverted result o f the imaginary part o f  the refractive index.
Alpha: the inverted result o f the size parameter.
Rnp: the inverted result of the number of primary particles per agglomerate.
Unn: the data inversion uncertainty o f ref in percent.
Unk: the data inversion uncertainty o f rim in percent.
Unx: the data inversion uncertainty o f alpha in percent.
Unnp: the data inversion uncertainty of mp in percent.
Density: the inverted result o f number density o f  agglomerates (*10**9)
Vf: the inverted result o f volume fraction o f agglomerates.
Example o f input file:
refractive index, size parameter, agglomerate size, morphology 
1.7d0, 0.7d0, 0.3d0, 10, S 
number o f orientations 
14, 14, 14
err in CGM, Seed o f Random number, Prefractor, Fractal dimension 
1.0d-6, 1, 5.8d0,1.70d0
CGM=Y,USE CGM, CGM=G, USE GAU; GAU=Y, USE GAU QUARTRUE 
G, N
Number o f aggregates for average 
1
measurement angles:ni 1 (rw),ni2(rhv),ni3(kwe),ni4(rhh)
4,16,16,16
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initial guess o f  n, k, x, Np
1.5,0.5,0.3,6
When nm the program, enter 0 for ixep, 1 for imax. You will get 
rw =  3.38602497076366 rhv= 1.705430590083206E-002 
kw e= 8.725903432404061E-003 rhh= 0.434920536670310 
refr= 1.69973145321013 rim= 0.700219469444172 
alpha= 0.300063605896592 mp= 10.5330187460541 
UNn= 2.56949395923527 UNk= 7.40721553874131
UNx= 3.93177936939400 UNNP= 4.93938260320351
number density* 10**9= 1.28688843049781 
volume fraction vf=7.505541616l75893E-007
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APPENDIX B 
IRON PENTACARBONYL SEEDED CARBON MONOXIDE 
DIFFUSION FLAMES
B .l. Procedure o f Running the Flame
1. Check the burner to make sure it is clean.
2. Turn on the process controller and the thermocouple thermometer. Warm up the 
system. Turn on the fan.
3. Put on the mask. Whenever handling Fe(CO)s, the mask should always be on.
4. Turn on the fume hood. Filter 200 ml Fe(CO ) 5  in the fume hood.
5. Pour very carefully the 200 ml Fe(CO)5 into the container (cylinder). Check the seal 
to make sure it is properly sealed.
6. Turn on CO (10 psi) and purging N2 (10 psi). Ignite the flame. Adjust the flow rate 
to what you want (usually 0.35 slpm).
7. Adjust the bypass flow rate to what you want (usually 20-50 mlpm).
8. Run CLS or DLS measurement for about 15 minutes.
9. To stop the flame, turn off the green valves o f the bypass CO firstly so that Fe(CO)s 
will not flash back into the flow rate meter.
10. Switch CO to purging N2 .
11. Clean the deposit on the edge and the inside surface o f the tube o f the burner with 
acetone. This should be done after every 15 minutes running of the flame.
12. To run the flame again, switch N2 back to CO. Ignite the flame. Open the green 
valves o f the bypass CO.
13. To end the experiment, close N2 .
14. Drain Fe(CO)s to the brown bottle for the later use of.
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15. Clean the Fe(CO) 5  container (the cylinder) with about 150 ml acetone and paper 
towels. Drain the contaminated acetone and pour it into the waste bottle. Collect the 
contaminated paper towels into the labeled plastic bags.
16. Turn on N2 and purge the system, especially the bypass line, for no less than one 
hour.
17. Turn off all the gases. Turn off the process controller and the thermocouple 
thermometer.
B.2. Flame Stabilizing
Stabilization o f the flame system is very important in this study because the 
results o f light scattering measurements are very sensitive to the “flickering” o f  the 
flame. The general way to stabilize the CO diffusion flame is utilizing honeycombs 
(Zhang, 1995; Waguespack, 1997). However, it had been found that the uncertainty o f 
light scattering measurements could be as high at 50% if  the honeycomb is used to 
stabilize the flame. Another disadvantage associated with using honeycombs is the 
limited range of measurement positions along the height o f the flame. If a honeycomb is 
used to stabilize the CO diffusion flame, the honeycomb had to be put at a position no 
higher than 45 mm (Zhang, 1995; Waguespack, 1997). The range of measurement 
positions along the height o f the flame is about 10—35 mm above burner. However, for 
light scattering measurements, the higher locations are preferred because, in post flame 
zone, the sizes of the primary particles tends to be more uniform and the aspect ratio o f 
the chain-like aggregates is higher.
In this study, a flame shelter has been designed to stabilize the CO diffusion 
flame. The schematic diagram o f the flame shelter is illustrated in figure B.2.1. The
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flame shelter consists o f  a removable lid, a ring o f holder, and a ring o f base. The holder 
and base are covered with black carton. In this way, the flame is totally covered within 
the shelter and thus perfectly stabilized when the hot combustion products flow through 
the exhaust hole in the center o f the removable lid and the cold air enters the shelter 
through the base. The laser beam passes through the flame at a distance about 0.5” 
above the shelter. The change o f the measurement position along the height o f the flame 
is established by adjusting the height o f the burner through the burner translation 
mechanism. Using the flame shelter, the range of the measurement positions is extended 
to 20—65 mm above burner and the light scattering measurement uncertainty can be 
improved to within 5% as shown in chapter 7. Whenever the burner needs to be 
cleaned, one can just remove the removable lid o f the shelter and make the cleaning 
with minimum disturbance to the system.






7 . 7 5 "
Figure B.2.1 Schematic diagram of the flame shelter
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APPENDIX C 
OPTICAL ALIGNMENT PROCEDURE 
C .l. Beam Centering
1. Disassemble the source and detection optics except for the laser and its mirrors.
2. Place a prism on platform behind the burner. Make sure that the platform is properly 
leveled.
3. Set laser to low power (about 0.1 W) after a thirty minute warm up period and allow 
it to shine through the system.
4. Position the prism so that the beam is reflected back onto itself (on the mirror). 
Adjust the mirror angle so that the reflected beam spots on the mirror surface have 
the same height.
5. Place the center guide in the burner and adjust the burner height so that the 
horizontal line on the center guide corresponds with the beam height.
6. Adjust the mirror so that the incident beam shines on the center o f  the crosshairs of 
the center guide.
7. Remove the center guide from the burner.
8. Repeat steps 5 through 6 until the beam is both properly leveled and positioned 
through the crosshair of the center guide.
9. Balance the incident optical arm.
10. Mount the source optics housing on the incident optical arm. Adjust it so that the 
beam passes through the center o f  the housing tube. Make sure that the transmitted 
beam still passes through the center o f the burner. When the 400 mm, focal length
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lens is used, the housing should be mounted so that the lens is 400 mm from the 
center o f  the burner.
11. Place the photodiode in front o f  the outlet o f the source optics housing. Adjust the 
mirror to maximize the intensity o f the light passing through the source optics 
housing.
12. Check that the beam is properly centered. Readjust the housing and mirror if  it is 
not.
C.2. Polarizer Azimuth Alignment
1. Place the alignment sleeve on the burner and balance it.
2. Place the polarizer in its mount and align it so that the incident light is reflected 
back onto itself.
3. Position the alignment mirror on the alignment sleeve and adjust it so that it reflects 
the laser light back onto itself.
4. Rotate the mirror so that the beam is reflected at Brewster's angle for BK-7 glass 
56.7° at X = 488 nm).
5. Position the photodiode so that it detects the reflected light at this angle.
6. Remove the mirror and place the prism in its place. Position the prism so that the 
reflected light shines into the photodiode.
7. Adjust the polarizer azimuth angle to maximize the light intensity detected by the 
photodiode. Re-zero the polarizer scale once this angle is determined.
8. Remove the photodiode and prism.
C.3. Detection Optics Alignment
1. Rotate the detector arm so that it is at the zero degree position.
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2. Balance the detector arm.
3. Mount the detector housing onto the arm so that the lens is approximately twice its 
focal length from the center o f the burner.
4. Mount the analyzer (polarizer) in its position and adjust it so that the laser beam 
reflects back onto itself.
5. Adjust the analyzer azimuth to minimize the light intensity passing through it. Re­
zero the analyzer scale when this angle is known.
6. Align the detector housing so that the beam passes through the center o f the 
housing's front and rear apertures. Once this is done, make sure that the orthogonal 
beam from the housing's internal beam splitter exits its aperture if the setting is for 
dynamic light scattering. If  it doesn't it may be necessary to remove the cover o f the 
housing and realign the beam splitter at this point.
7. Place the alignment mirror in the alignment sleeve and adjust it so that the incident 
beam is reflected back onto itself
8. Rotate the alignment mirror so that the beam is reflected at the desired scattering 
angle.
9. Balance the detector arm.
10. Rotate the optical arm to the desired scattering angle using the scale on the 
goniometer as a guide.
11. Rotate the alignment mirror so that the laser beam is reflected to the same horizontal 
position as the front detector aperture.
12. Adjust and tighten the detector housing so that the beam passes through the centers 
of both the front and rear apertures.
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
219
13. Carefully mount the photomultiplier tube(s) to the housing.
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APPENDIX D
INTERFACING OF THE LOCK-IN AMPLIFIER 
AND THE ZENITH COMPUTER
The interfacing program o f the lock-in amplifier (EG&G 5209) and the Zenith 
computer, inten2.bas, is written in ZBASIC. When the program is executed in ZBASIC 
environment, the input will require the number of samples in average (200 in this 
study), the output file name and the sensitivity setting o f the lock-in amplifier. Before 
each measurement, the program will ask for the measurement angle and the polarization 
states ( W ,  HH, HV, or VH). After each measurement, the output will provide the mean 
scattering intensity in mV or pV and the standard deviation.
The source code is listed as follows:
10CLS
20 DIM XINT(500), XITMP(500)
30 REM THIS PROGRAM INPUTS DATA FROM THE EG&G 5209 LOCK IN AMP. 
40 REM THE DATA IS READ WHEN RETURN IS PRESSED, AND THE OUTPUT 
50 REM IS AVERAGED.
60 PRINT:PRINT:PRINT
70 INPUT "INPUT NO. OF SAMPLES IN AVERAGE: ”, NREAD 
90 INPUT "INPUT THE FILENAME: ”, FILS
190 PRINT:PRINT:PRINT
262 INPUT "INPUT INTENSITY UNITS 1. MILLIVOLTS 2. MICROVOLTS ", IUN 
264 IF (IUN = I) THEN XIFAC = 10000! : GOTO 290 
266 XIFAC = 10!






320 LPRINT "PC FILENAME : ”,FIL$ :LPRINT
452 IF (IUN=1) THEN LPRINT "INTENSITY UNITS: MILLIVOLTS":GOTO 456 
454 LPRINT "INTENSITY UNITS : MICROVOLTS”:GOTO 456 
456 LPRINT
470 LPRINT” RUN NUMBER ANGLE INTENSITY SDV”
480 LPRINT” = = = = =  — — = = ”
490 LPRINT:LPRINT
535 REM***** FOR LOOP***************************************
540 1=0
559 1=1+1
560 PRINT:PRINT:PRINT "PRESS RETURN TO RECORD AMPLIFIER OUTPUT’
570 INPUT “ OR X TO EXIT ",ZS
220
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571 IF (Z$="X") THEN GOTO 660
572 INPUT "INPUT THE MEASUREMENT ANGLE AND POL STATE: ".ANGLE, PS
573 SCAL=SIN(ANGLE*3.14/180!)
575 GOSUB 6000
it tt f t t
t t  W  f r f r
#####.###";ANGLE;
h h u h u #  M " ‘ Y M V * ^ r A T  *TT TTTTTT TT TT ,TT TT TT ^ A l V l  V J v A  1 






frrrT T T r yj .9
tftfffffff OT F*f r  f r  “f  iJ  IT .JT T T T r  V J I v L y
######.###";XMV*SCAL;
fffttfif t f f f f f f f Y Q n v * < 5 rA T  *I l f i r r f l . r r f r T r T r  f  V  i j v / u ^ y
* M ±£U” ' T*TT TT TT TT  j i ,
//tfffffff AM HT F*f r f i T f f i f f . i f f r f r
14 U U U H U U  ititifn-Y T V rV *^r’A i  •TTTTTTTTTTTT ,7 T T T T r  }A i * I  ▼





602 LPRINT PS 
610 PRINT USING"
615 PRINT USING"
620 PRINT USING "
621 PRINT USING"






650 GOTO 559 





2010 REM THIS GOSUB ACTS AS A DELAY LOOP

































REM OUTPUT : SENSI 







=  .0001 
= .0003 
=  .001 
= .003 





IF SENSI$="1” THEN SENSI 

















REM THIS GOSUB READS THE SENSITIVITY FROM THE LOCK IN AMP 
REM SENSITIVITY IS SENSIVS 












THEN SENSI =3! 






=  100! 
= 300! 
=  1000!
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4040 REM OUTPUT SENSI 
4050 SENSIVS =
4060 PRINT# 1, "SEN"
4070 GOSUB 2000 
4080 N1 = LOC(l)
4090 FOR K = 1 TO N1 
4100 AS = INPUT$(1,#1)
4110 IF (ASC(A$) =13) THEN 4160 
4120 IF (ASC(A$) = 10) THEN 4150 
4130 REM IF A$="*” THEN 4150 
4140 SENSIVS SENSIVS + AS 
4150 NEXT K 
4160 SENSI$=SENSIVS
4165 REM ** CALL GOSUB TO CONVER SENSITIVITY TO NUMERICAL VALUE 
4170 GOSUB 3000 
4180 RETURN 
4190 END
5000 r e m *******************************************
5010 REM THIS GOSUB READS THE INTENSITY FROM THE LOCK IN AMP
5020 REM INTENSITY IS INTENS
5030 REM INPUT NONE REQUIRED
5040 REM OUTPUT INTENS
5050 INTENSS =
5060 PRINT#1, "OUT"
5070 GOSUB 2000 
5080 N1 = LOC(l)
5090 FOR KK = I TO N1 
5100 AS = INPUTS(1,#1)
5110 IF (ASC(AS) =13) THEN 5160 
5120 IF (ASC(AS) =10) THEN 5150 
5130 REM IF AS="*n THEN 5150 
5140 INTENS$=INTENS$ + AS 




6000 r e m *****************************************
6010 REM THIS GOSUB READS THE INTENSITY FROM THE LOCK IN AMP 
6020 NREAD NUMBER OF TIMES, AND THEN AVERAGES IT. THE INTENSITY 
6030 REM RETURNED IS IN MILLIVOLTS OR MICROVOLTS.
6040 REM INPUT NREAD
6050 REM OUTPUT XMV (INTENSITY IN MILLIVOLTS)
6060 REM GOSUB TO FIND SENSI
6070 GOSUB 4000
6080 FOR JINT = 1 TO NREAD
6090 GOSUB 5000
6100 XITMP(JINT) = INTENS
6110 NEXT JINT
6125 SUM=0!:SDSUM=O!
6130 FOR JTMP = 1 TO NREAD 
6160 SUM = SUM + XITMP(JTMP)
6165 SDSUM=SDSUM+XITMP(JTMP)*XITMP(JTMP)
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APPENDIX E
DATA INVERSION PROGRAM OF DLS MEASUREMENTS
Data inversion program o f DLS measurements, pro-eli.bas was written in 
QBASIC. This program has to be run in the environment o f QBASIC. In the program
the rotational friction coefficients for spheroids with the slipping boundary condition
was corrected by using the results o f  Hu and Zwanzig (1974).
The input parameters o f  the program are:
LAMD: wavelength o f the incident light (pm).
THETA: measurement angle (degree).
T: temperature (K).
GAMMAHV: the first cumulant o f the depolarized correlation function.
GAMAV: the first cumulant o f  the polarized correlation function.
MUGAM: the polydisperse factor o f the plarized correlation function.
AR: aspect ratio o f the spheroid. The value is given by trail and error until the 
calculated GAMMAHV is equal to the measured GAMMAHV.
The source code is listed as follows:
DECLARE SUB NORM (ALSIG#, RO#, IRDB%, IRW%)
DECLARE SUB INTEG (MEAN#, RO#, SIGMS#, LR%, RAD#, XI#, X2#)
DECLARE SUB PI (Cl#, RO#, MUGAM#, MEAN#, RIGT2#, sigma#, GAMAV#, IRDB%) 
DECLARE SUB GAMMA (Cl#, A#, B#, RO#, MIDPT#, Y#, GAMAV#, MEAN#, RES1#, 
RIGT#, IRDB%)
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MUGAM# = .126# 
ar# = 3.48#
'Height =55 
T# = 545 + 273#
GAMMAHV# = 1374000#
GAMAV# = 19400#
MUGAM# = .123# 
ar# = 3.53#
'Height =50 
T# = 570 + 273#
GAMMAHV# = 1765000#
GAMAV# = 21620#
MUGAM# = .122# 
ar# = 3.3#
'Height =45 
T# = 617 + 273#
GAMMAHV# = 2004000#
GAMAV# = 24310#
MUGAM# = .13# 
ar# = 3.2#
'Height =40 
T# = 659 + 273#
GAMMAHV# = 2742000#
GAMAV# = 24310#
MUGAM# = .126# 
ar# = 2.7#
GAMMAR# = GAMMAHV# - GAMAV#
IRDI% = 20 
IRDF% = 63 
PHI# = 3.141593#
ARREV# = 1# / ar#
GROU# = 1# / SQR(1# - ARREV# A 2) * LOG((l# + SQR(1# - ARREV# A 2)) / ARREV#) 
COEFF# = ARREV# * GROU#
FROU# = ARREV# A 3 * ((2# - ARREV# A 2) * GROU# - 1#) / (1# - ARREV# A 4)
PRINT GAMAV#, MUGAM#, GAMMAR#
ISTP% = 1 
20 J% = 1
LDO#(J%) = IRDI%
25 IF (ISTP% = 1) THEN CMUF# = 1#
IF (ISTP% = 2) THEN CMUF# = .1#
IF (ISTP% = 3) THEN CMUF# = .01#
R0# = LDO#(J%) * .000000001# * CMUF# 
chk# = R0# * 1000000000#
MEAN# = .000000001# * (-.0000000251697# * T# A 3 - .000137185# * T# A 2 + .739804# * T# 
- 306.89#)
MEAN# = MEAN# * ARREV# A .33333
BOL# = 1.3806D-23
THET# = THETA# * .5# * PHI# / 180#
ETA# = .00001# * (.00000000416091# * T# A 3 - .0000190684# * T# A 2 + .0321383# * T# -
13.829#)
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DIFF# = BOL# * T# / (6# * PHI# * ETA#) * COEFF#
DIFFR# = BOL# * T# / (PHI# * ETA#) * FROU#
QS# = (4# * PHI# * SIN(THET#) /  (LAMD# * .000001#)) A 2 
Cl# = DIFF# * QS#
CGAMMAR# = 9# * DIFFR#
IF (chk# < 34#) THEN IRDB% = 5 
IF (chk# > 34#) THEN IRDB% = 8 
IF (chk# > 45#) THEN IRDB% = 12 
IF (chk# > 55#) THEN IRDB% = 16 




CALL GAMMA(C1#, A#, B#, RO#, MIDPT#, Y#, GAMAV#, MEAN#, RES1#, RIGT#,
IRDB%)
FA# = RES1#
1 MIDPT# = (A# + B#) / 2#
Y# = 2#
CALL GAMMA(C1#, A#, B#, R0#, MIDPT#, Y#, GAMAV#, MEAN#, RES1#, RIGT#,
IRDB%)
FM# = RES1#




2 B# = MIDPT#
3 IF (ABS(RESl#) < 1#) THEN GOTO 4 
GOTO 1
4 sigma# = (A# + B#) / 2#
CALL PI(C1#, R0#, MUGAM#, MEAN#, RIGT2#, sigma#, GAMAV#, IRDB%) 
POLIN# = RIGT2# / (GAMAV# A 2) - 1#
RES2#(J%) = MUGAM# - POLEN#
DIA# = 2# * chk#
PRINT "R0="; chk#, "SIGMA="; sigma#
PRINT "CALCULATED GAMMA="; RIGT#, "CALCULATED POLY="; POLIN# 
VARDIFF# = ABS(RES2#(J%) / MUGAM#)




IF (J% = 1) THEN GOTO 6 
CHRES# = RES2#(J% - 1) * RES2#(J%)
IF (CHRES# < 0#) THEN GOTO 10 
6 J% = J% + 1
LDO#(J%) = LDO#(J% - 1) + 1#
GOTO 25 
10 ISTP% = ISTP% + 1
IF (ISTP% > 4) THEN GOTO 200 
IRDI% = LDO#(J% - 1) * 10#
GOTO 20
200 PRINT "LAST RESULTS"
PRINT "Model Value of DIA=”; USING "##.##"; 2# * chk#
'Calculation of mean free path of gas molecules
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MEAN# = .000000001# • (-.0000000251697# * T# A 3 - .000137185# * T# A 2 + .739804# * T# 
- 306.89#)
BOL# = 1.3806D-23 
'Calculation of aeq 
req# = ar# A .333333 * chk# * IE-09 
aeq# = 2# * req#
'Calculation of Cs
CS# = 1# + (1.728# + .58# * EXP(-.625# • aeq# /  MEAN#)) * MEAN# / aeq#
PRINT "SIGMA="; USING "#.###"; LOG(sigma#) 
avedia# = EXP((LOG(sigma#)) A 2 • 1.5# + LOG(2# * chk#))
PRINT "Average DIA="; USING "##.##"; avedia#
PRINT "CALCULATED GAMMA="; USING "##.##AAAA"; RIGT#
PRINT "CALCULATED SECOND CUMULANT="; USING "##.##AAAA"; POLIN# * RIGT# A
2
slip# = -.415246# + .436162# * ar# - .060535# * ar# A 2 + .0037076# * ar# A 3 - 
8.062459999999999D-05 * ar# A 4
PRINT "CUCULATED GAMMAR="; USING "##.###AAAA"; CGAMMAR# * EXP(-33# / 2# * 
(LOG(sigma#)) A 2) / (2! * chk# * .000000001#) A 3 / slip#
PRINT "MEASUREED GAMMAR="; USING "##.###AAAA"; GAMMAR#
PRINT "Aspect Ratio="; USING "##.###AAAA"; ar#
PRINT ’TOLY OF GAMMAR="; USING "##.###"; 1# / GAMMAHV# A 2 * (CGAMMAR# A 
2 * EXP(-24# * (LOG(sigma#)) A 2) /  (2! * chk# • .000000001#) A 6 - GAMMAR# A 2)
END





IF (Y# = 1 #) THEN GOTO 11 
X# = MIDPT#
11 ALSIG# = LOG(X#)
SIGMS# = ALSIG# A 2
CC# = EXP(-24.5# * SIGMS#) /  (R0# A 7)
C2# = CC# / (SQR(2# * PHI#) * ALSIG#)
J% = 1
CALL NORM(ALSIG#, R0#, IRDB%, IFF%)
SUM# = 0#
FOR LR% = IRDB% TO IFF%
CALL INTEG(MEAN#, R0#, SIGMS#, LR%, RAD#, XI#, X2#)
EPN# = EXP(X1# + X2#)
INTT#(LR%) = RAD# A 4 * EPN#
SM#(J%) = INTT#(LR%)
J% = J% + 1 
NEXT LR%
IRFN% = J% - 3
FOR i% = 1 TO IRFN% STEP 2
SUM# = SUM# + (SM#(i%) + 4# * SM#(i% + 1) + SM#(i% + 2)) / 3#
NEXT i%
SUM# = SUM# * .29# * MEAN# • C l# • C2# * .000000001#
PI# = EXP(-6.5# * SIGMS#) * C l# / R0#
P2# = .864# * C l#  * MEAN# * EXP(-12# * SIGMS#) / R0# A 2 
RIGT# = PI# + P2# + SUM#
RES1# = GAMAV# - RIGT#
END SUB
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SUB INTEG (MEAN#, RO#, SIGMS#, LR%, RAD#, XI#, X2#)
R# = LR%
RAD# = R# * .000000001#
XI# = -1.25# * RAD# / MEAN#
X2# = -(LOG(RAD# / R0#» A 2 / (2# * SIGMS#)
END SUB
SUB NORM (ALSIG#, RO#, IRDB%, IRW%)
DIM SM#(1000)
IDR% = 2





51 R# = IR%
RAD# = R# * .000000001#
EX1# = EXP(-ALSIG# A 2 / 2#)
EX2# = EXP(-(LOG(RAD# / RO#)) A 2 / (2# * ALSIG# A 2))
NR# = EX1# * EX2# / (SQR(2# * PH#) * RO# * ALSIG#)
SM#(J%) = NR# * DR#
SUM# = SUM# + SM#(J%)
IF (SUM# > .9995) THEN GOTO 201 
IR% = IR% + IDR%
J% = J% + 1 
GOTO 51 
201 XSUM# = 0#
IRW% = ER%
END SUB
SUB PI (Cl#, R0#, MUGAM#, MEAN#, RIGT2#, sigma#, GAMAV#, IRDB%) 
DIM INTT#(500), INTT1#(500), ENTT2#(500)
DIM SM#(500), SMI#(500), SM2#(500)
PHI# = 3.141593#
ALSIG# = LOG(sigma#)
SIGMS# = ALSIG# A 2
CC# = EXP(-24.5# * SIGMS#) / (R0# A 7)
C2# = CC# / (SQR(2# * PHI#) * ALSIG#)
PI# = C l# A 2 * EXP(-SIGMS# • 12#) / (R0# A 2)
P2# = 1.728# * C l#  A 2 * MEAN# * EXP(-SIGMS# * 16.5#) / (RO# A 3)





CALL NORM(ALSIG#, RO#, IRDB%, IFF%)
FOR LR% = IRDB% TO IFF%
CALL INTEG(MEAN#, RO#, SIGMS#, LR%, RAD#, XI#, X2#)
EPN# = EXP(X1# + X2#)
INTT#(LR%) = RAD# A 3 * EPN#
INTT1#(LR%) = RAD# A 2 * EPN#
X3# = XI# * 2#
EPN2# = EXP(X3# + X2#)
INTT2#(LR%) = RAD# A 2 * EPN2#
SM#(J%) = INTT#(LR%)
SM1#(J%) = INTT1#(LR%)
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SM2#(J%) = INTT2#(LR%)
J% = J%+ 1 
NEXT LR%
IRFN% = J% - 3
FOR i% = 1 TO IRFN% STEP 2
SUM# = SUM# + (SM#(i%) + 4# * SM#(i% + 1) + SM#(i% + 2)) / 3#
SUM1# = SUM1# + (SMl#(i%) + 4# * SMl#(i% + 1) + SMl#(i% + 2)) /  3#
SUM2# = SUM2# + (SM2#(i%) + 4# * SM2#(i% + 1) + SM2#(i% + 2)) /  3#
NEXT i%
SUM# = SUM# * .58# * MEAN# • C l# A 2 * C2# * .000000001#
SUM1# = SUM1# * .50112# • MEAN# A 2 * C l#  A 2 • C2# * .000000001#
SUM2# = SUM2# * 8.409999999999999D-02 * MEAN# A 2 • C l# A 2 * C2# • .000000001# 
RIGT2# = PI# + P2# + P3# + SUM# + SUM1# + SUM2#
END SUB
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